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Abstract
After an introduction motivating the study of quarkonium production, we review the recent developments
in the phenomenology of quarkonium production in inclusive scatterings of hadrons and leptons. We natu-
rally address data and predictions relevant for the LHC, the Tevatron, RHIC, HERA, LEP, B factories and
EIC. An up-to-date discussion of the contributions from feed downs within the charmonium and bottomo-
nium families as well as from b hadrons to charmonia is also provided. This contextualises an exhaustive
overview of new observables such as the associated production along with a Standard Model boson (γ, W
and Z), with another quarkonium, with another heavy quark as well as with light hadrons or jets. We ad-
dress the relevance of these reactions in order to improve our understanding of the mechanisms underlying
quarkonium production as well as the physics of multi-parton interactions, in particular the double parton
scatterings. An outlook towards future studies and facilities concludes this review.
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1. Introduction to inclusive quarkonium production
The discovery of the first quarkonia, the J/ψ, in 1974 is probably the last meson discovery which was a
fundamental milestone for our understanding of the elementary-particle realms. It indeed identified with
that of the fourth quark, the charm quark, and thus with the first tangible observation that quarks were real
particles and not only the mathematical entities invented by M. Gell-Mann. Unsurprisingly, it was rewarded
by a Nobel prize to B. Richter and S. Ting only 2 years afterwards. It is still remembered as the “November
Revolution".
Since then, many other such mesons, made of a quark and an antiquark of the same (heavy) flavour,
have been discovered. The first radial excitation of the J/ψ, the ψ(2S ), discovered at SLAC along with
the J/ψ, already indicated that the strong interaction was indeed weak at short distances resulting in a near
Coulombic binding potential with a confinement part. Quarkonia were indeed the first playground where
theorists applied [1, 2] the asymptotic freedom of Quantum Chromodynamics –the theory of the Strong
Interaction within the Standard Model of particle physics. The discovery of the charmonium P waves, the
χc, and much later of the pseudoscalar ground state, the ηc, confirmed their non-relativistic nature and their
rather simple behaviour. Beside this charmonium family1, quarkonia made of the heavier bottom quark
were found thereafter. In fact, the first “particle" discovered at the LHC was the 33PJ triplet state [3] of the
bottomonium family.
However, as soon as theorists started to try to predict their production rates, the enthusiasm created by
their discovery swiftly gave way to a controversy. As early as in the 1980’s, animated discussions started
when different approaches were proposed: e.g. one [4, 5] where gluon emissions from the heavy quarks
are so numerous that the hadronisation is essentially decorrelated from the heavy-quark-pair production;
another [6, 7, 8] where each gluon emission from the heavy quarks occurs at short distances (less than a
tenth of a femtometer) and costs each time one power of the strong coupling constant, αS , thus roughly 0.2
at the scale of the c-quark mass.
Nearly 4 decades later, it is still not clear whether the leading (colour-singlet) Fock state contribution2
to J/ψ production is dominant or not, because of soft gluon emissions. Yet, quarkonia are now ubiquitous
in high-energy physics. Here, they sign the presence of a phase transition by disappearing [9] or, by being
more abundanly produced, they hint at collective heavy-quark effects [10]. There, they are decay products
of newly discovered exotic states [11, 12, 13, 14, 15, 16, 17], of the H0 boson, potentially telling us about its
coupling to heavy quarks [18, 19], or of a B meson, allowing us to measureCP symmetry violation [20, 21].
When produced with other particles, in a “back-to-back" configuration, they give us ways to see how gluons
are polarised inside unpolarised protons [22, 23], whereas, in a “near" configuration, they can give us
insights about multi-parton dynamics and correlations of gluons inside the proton [24, 25], etc.
For all these reasons, we need to solve the on-going debates and advance the theory of quarkonium
production into a precision era, at the LHC and elsewhere. Experimentalists measure them, use them,
rely on them and currently perform upgrades (ALICE-MFT) or new experimental projects (AFTER@LHC,
EIC, PANDA, SoLID) to study them even more precisely. In this overview, we will discuss several attempts
aiming at providing better tools –i.e. more discriminant observables– and significantly improved precision
in the corresponding theory studies. Along these discussion, we will systematically highlight to which
extent these can –or not– make data-theory comparisons more reliable and more informative, but also to test
the coherence of our theoretical models and ideas applied to the quarkonium realms.
1 This name directly follows from the analogy with the positronium in QED [1].
2 Whose size does not depend on unconstrained parameters, but on the Schrödinger wave function at the origin (for the S
waves).
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1.1. Our current understanding of the quarkonium-production mechanisms
Quarkonium production is intrinsically a two-scale problem, that of the heavy-quark pair production and
that of their binding. The former is a priori tractable with perturbative methods, i.e. using Feynman graphs
and perturbative QCD (pQCD), the latter is non-perturbative and sensitive to the confinement properties
of the strong interaction and, as such, cannot be computed ab initio. Currently, nearly all the models of
quarkonium production rely on a factorisation between the heavy-quark-pair production and its binding –or
hadronisation. Different approaches essentially differ in the treatment of the hadronisation. In addition,
depending on the production regime –proton-proton (pp), lepton-proton (`p), lepton-lepton (``), proton-
nucleus (pA), nucleus-nucleus (AA) collisions–, different approaches may be adopted to describe how the
quarks, gluons, leptons or photons from the initial state effectively collide. The vast majority of the existing
theoretical computations are nevertheless based on the collinear factorisation [26]. Some also used the kT
factorisation [27, 28, 29] in order to address specific effects in the high-energy regime whereas a number of
recent studies relied on the Transverse-Momentum-Dependent (TMD) factorisation [30, 31, 32, 33] which
can deal with spin-dependent objects, both for the partons and the hadrons.
Based on an effective theory, nonrelativistic QCD (NRQCD) [34], one can express in a rigorous way
the hadronisation probability of a heavy-quark pair into a quarkonium via long-distance matrix elements
(LDMEs). In addition to the usual expansion in powers of the strong coupling constant, αS , NRQCD
further introduces an expansion in the heavy-quark velocity, v, and, through the consideration of a couple of
higher Fock states, the colour-octet mechanism (COM) which results in a non-negligible probability for a
coloured QQ pair to bind into a quarkonium after low-energy –non-perturbative– gluon emissions. Whether
the COM is dominant, or not, matters much for the expected cross section, the quarkonium polarisation3
and for the applications to heavy-ion and spin studies (see e.g. [36, 37, 38, 39, 22, 40]). On the contrary,
if the leading Fock state dominates, NRQCD identifies4 with the colour-singlet model (CSM) [6, 7, 8] for
which the QQ pair is produced at short distances, O(1/2mQ), already in the very same quantum numbers
than the quarkonium in which it will hadronise. On the other end of the spectrum, the colour-evaporation
model [4, 5], which is the emanation of the principle of quark-hadron duality to quarkonium production,
assumes that so many gluons can be emitted during the hadronisation that the quantum number of the pair
is randomised and simple statistical rules apply. More details on these 3 approaches which will follow us
throughout this overview will be given below. Let us however guide the reader to a few relevant reviews:
[41] is the most recent one with comparisons to LHC data, [42] contains some discussions about the first
LHC results, [43] is a pre-LHC one providing an overview of the emergence of Next-to-Leading-Order
(NLO) computations, [44] is a slightly older overview of the different existing approaches as of early 2000’s,
[45] offers a complete overview of (LO) NRQCD successes and failures in the context of the Tevatron and
HERA data, [46] is the last pre-NRQCD review likely giving the most complete picture of quarkonium
production in the early 1990’s.
1.1.1. The Colour-Evaporation Model (CEM)
This approach is in line with the principle of quark-hadron duality [4, 5]. As such, the production cross
section of quarkonia is expected to be directly connected to that to produce a QQ pair in an invariant-mass
region where its hadronisation into a quarkonium is possible, that is between the kinematical threshold to
produce a quark pair, 2mQ, and that to create the lightest open-heavy-flavour hadron pair, 2mH .
3 Irrespective of the reference frame used (see [35] about details about usual frames).
4 To be precise, this only holds for the S waves.
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The cross section to produce a given quarkonium state is then supposed to be obtained after a multipli-
cation by a phenomenological factorPQ related to a process-independent probability that the pair eventually
hadronises into this state. One assumes that a number of non-perturbative-gluon emissions occur once the
QQ pair is produced and that the quantum state of the pair at its hadronisation is essentially decorrelated
–at least colour-wise– with that at its production. From the reasonable assumption [47] that one ninth –one
colour-singlet QQ configuration out of 9 possible– of the pairs in the suitable kinematical region hadronises
in a quarkonium, a simple statistical counting [47] was proposed based on the spin JQ of the quarkonium
Q, PQ = 1/9 × (2JQ + 1)/∑i(2Ji + 1), where the sum over i runs over all the charmonium states below the
open heavy-flavour threshold. It was shown to reasonably account for existing J/ψ hadroproduction data of
the late 1990’s and, in fact, is comparable to the fit value in [48]. Let us however note that one can treat both
direct and prompt yields with correspondingly different hadronisation probabilities. Since the kinematics
of the feed downs (FDs) is not explicitly taken into account, treating a quarkonium with a prompt yield
may not give the same result as deriving the same prompt yield from a set of direct yields with the relevant
decays.
Mathematically, one has
dσ(N)LO, direct/prompt[Q + X] = Pdirect/promptQ
∫ 2mH
2mQ
dσ(N)LO[QQ + X]
dmQQ
dmQQ, (1)
where dσ(N)LO[QQ + X] is the hadronic differential cross section to produce a QQ pair at (N)LO accuracy.
In the latter formula, a factorisation between the short-distance QQ-pair production and its hadronisation in
the quarkonium state is of course implied although it does not rely on any factorisation proof. In spite of
this, this model benefits from a successful phenomenology except for some discrepancies in some transverse
momentum spectra and in e+e− annihilation. Recent advances in the CEM phenomenology which we will
review in section 2.4 comprise the first NLO computation [49] of the PT differential spectrum, an improved
treatment [50] of the kinematical effects related to the invariant mass of the pair and first studies of the
polarisation [51, 52, 53, 54].
1.1.2. The Colour-Singlet Model (CSM)
The second simplest model to describe quarkonium production relies on the rather opposite assumption
that the quantum state of the pair does not evolve between its production and its hadronisation, neither in
spin, nor in colour [6, 8, 55] – gluon emissions from the heavy-quark are suppressed by powers of αS (mQ).
In principle, they are taken into account in the pQCD corrections to the hard-scattering part account for
the QQ-pair production. If one further assumes that the quarkonia are non-relativistic bound states with a
highly peaked wave function in the momentum space, it can be shown that the partonic cross section for
quarkonium production should then be expressed as that for the production of a heavy-quark pair with zero
relative velocity, v, in a colour-singlet state and in the same angular-momentum and spin state as that of the
to-be produced quarkonium, and the square of the Schrödinger wave function at the origin in the position
space. In the case of hadroproduction, one should further account for the parton i, j densities in the colliding
hadrons, fi, j(x, µF), in order to get the following hadronic cross section
dσ[Q + X] =
∑
i, j
∫
dxi dx j fi(xi, µF) f j(x j, µF)dσˆi+ j→(QQ)+X(µR, µF)|R(0)|2. (2)
The above formula holds for the collinear factorisation. The corresponding ones for kT factorisation or
TMD factorisation follow the same logic. In the case of P-waves, |R(0)|2 vanishes and one should consider
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its derivative and that of the hard scattering. In the CSM, |R(0)|2 or |R′(0)|2 also appear in decay processes
and can be extracted from decay-width measurements. The model then becomes fully predictive but for
the usual unknown values of the unphysical factorisation and renormalisation scales and of the heavy-quark
mass entering the hard-scattering coefficient.
Slightly less than ten years ago, the first evaluations of the QCD corrections [56, 57, 58, 59, 60] to
the yields of J/ψ and Υ (also commonly denoted Q) in hadron collisions in the CSM appeared. It is now
widely accepted [61, 62, 43] that α4s and α
5
s corrections to the CSM are significantly larger than the LO
contributions at α3s at mid and large PT and that they should systematically be accounted for in any study
of their PT spectrum. This will be discussed in more details and contrasted with the case of the other
approaches in section 2.
Possibly due to its high predictive power, the CSM has faced several phenomenological issues although
it accounts reasonably well for the bulk of hadroproduction data from RHIC to LHC energies [63, 64, 65],
e+e− data at B factories [66, 67, 68] and photoproduction data at HERA [69]. Taking into account NLO
–one loop– corrections and approximate NNLO contributions (dubbed as NNLO? in the following) has
reduced the most patent discrepancies in particular for PT up to a couple of mQ [70, 71, 72, 73]. A full
NNLO computation (i.e. at α5s) is however needed to confirm this trend, in particular another approximate
NNLO computation (dubbed nnLO) seems [74] to hint at different conclusions.
It is however true that the CSM is affected by infrared divergences in the case of P-wave decay at
NLO, which were earlier regulated by an ad-hoc binding energy [75]. These can nevertheless be rigorously
cured [76] in the more general framework of NRQCD which we discuss now and which introduce the
concept of colour-octet mechanism.
1.1.3. The Colour-Octet Mechanism (COM) within Nonrelativistic QCD (NRQCD)
In NRQCD [34], the information on the hadronisation of a heavy-quark pair into a quarkonium is encap-
sulated in long-distance matrix elements (LDMEs). In addition to the usual expansion in powers of αS ,
NRQCD further introduces an expansion in v. It is then natural to account for the effect of higher-Fock
states (in v) where the QQ pair is in an octet state with a different angular-momentum and spin states –the
sole consideration of the leading Fock state (in v) amounts5 to the CSM, which is thus a priori the leading
NRQCD contribution (in v). However, this opens the possibility for non-perturbative transitions between
these coloured states and the physical meson. One of the virtues of this is the consideration of 3S [8]1 states in
P-wave quarkonium productions, whose contributions cancel the aforementioned divergences in the CSM.
The necessity for such a cancellation does not however fix the relative importance of these contributions.
In this precise case, it depends on an unphysical scale µΛ, replacing an ad-hoc binding energy used as IR
regulator in one-loop CS based studies in the early 1980’s [77, 78].
As compared to the Eq. (2), one has to further consider additional quantum numbers (angular momen-
tum, spin and colour), generically denoted n, involved in the production mechanism:
dσ[Q + X] =
∑
i, j,n
∫
dxi dx j fi(xi, µF) f j(x j, µF)dσˆi+ j→(QQ)n+X(µR, µF , µΛ)〈OnQ〉. (3)
Instead of the Schrödinger wave function at the origin squared, the former equation involves the afore-
mentioned LDMEs, 〈OnQ〉, which cannot be fixed by decay-width measurements nor lattice studies – but
the leading CSM ones of course. Only relations based on Heavy-Quark Spin Symmetry (HQSS) can relate
some of them.
5 As aforementioned, such a statement only holds for S waves.
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It is well-known that the first measurements by the CDF Collaboration of the direct production of J/ψ
and ψ′ at
√
s = 1.8 TeV [79, 80] brought to light a striking discrepancies with the CSM predictions. Via the
introduction of the COM, NRQCD provided a very appealing solution to this puzzle, hence its subsequent
popularity. However, as we will see in this review, new puzzles have showed up and many issues remain
unsolved which motivates the study of new observables.
1.1.4. The advent of the NLO era
More than twenty years ago now, the very first NLO calculation of a PT -differential quarkonium-production
cross section was performed by Krämer. It dealt with unpolarised photoproduction of ψ [81] via a CS
transition. He found that real-emission α2S corrections associated to new topologies were large, bringing the
CS yield close to the experimental data (see [45] for a nice review). Strictly speaking, this is however not
the first NLO studies of quarkonium production since Kuhn and Mirkes [82] had studied, in 1992, that on
the PT -integrated cross section for a pseudo-scalar quarkonium, more precisely for a possible toponium. In
1994, Schüler also studied [46] the same process and applied it to ηc production.
It took nearly 10 years for the next NLO computations of a PT -differential cross section to be done, i.e.
for direct γγ collisions [83, 84], with the aim to address the discrepancy [85] between the LO CS predictions
and the measured rates by DELPHI [86]. These ones were based on NRQCD with the consideration of the
COM. They followed the important study of Petrelli et al. [87] in 1997 where the techniques to deal with
loop corrections in NRQCD for production processes were outlined in the context of the PT -integrated
cross section for hadroproduction. In 1997, another study for photoproduction at the end point [88] was
also carried out at NLO.
NLO corrections were then computed for the integrated cross section of J/ψ-production observables at
the B-factories: J/ψ + cc [89, 90] and its inclusive counterpart [67, 91], accounting for both CS and CO
channels following tensions uncovered at B factories [92, 93, 94]. The account of these NLO corrections and
of relativistic corrections solved these tensions with the data which were then found to be well accounted
for by the CS contributions.
At hadron colliders (Tevatron, RHIC, LHC), ψ and Υ production most uniquely proceeds via gluon-
fusion processes. The corresponding cross section at NLO (α4S for hadroproduction processes) are signifi-
cantly more complicated to compute than the former ones and became only available in 2007 [56, 57, 58].
Like for photoproduction, NLO corrections were found to be very large, with a different PT scaling, signif-
icantly altering the predicted polarisation [60, 58] of the produced quarkonia and reducing the gap with the
Tevatron data which we mentioned earlier.
One year later, we managed to achieve a partial NNLO computation [60] incorporating what we iden-
tified to be the dominant α5S contributions. We found that the difference between the NLO and the partial
NNLO results was significant and just filled the gap with the Tevatron data, especially at large PT . It is now
widely accepted –and understood– [61, 95] that the NLO (α4S ) and NNLO (α
5
S ) corrections to the production
of spin triplet vector quarkonia in the CSM are significantly larger than the LO contributions at mid and
large PT and that they should systematically be accounted for in any study of their PT spectrum, although
this has not always been the case in the literature. Yet, being partial, our NNLO computations exhibit larger
uncertainties than complete ones. In any case, since the large PT yield is expected to be dominated by
Born order contributions to Q+3 jets at α5S , the theoretical uncertainties are necessarily significant. Another
approximate NNLO computation (dubbed nnLO) also holding at large PT was carried out by Shao in 2018
[74] and hints at a smaller impact of these new NNLO topologies. In both cases, the conclusions may
depend on the infrared treatment and a full NNLO computation is eagerly awaited for.
Owing to these large uncertainties, there is indeed no consensus whether the CSM is indeed the dom-
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inant mechanism at work for mid and large-PT Υ and J/ψ production. Even at low PT , where it accounts
reasonably well for the bulk of hadroproduction data from RHIC to LHC energies as we have shown through
NLO studies [63, 70, 65]6, some recent studies [96, 97] left the door open for dominant COM contributions.
These apparently opposite conclusions can be traced back to the large theoretical uncertainties in both ap-
proaches.
As we discussed for the ψ and Υ, the Born order cross section for hadroproduction are at α3S and for
photoproduction at αα2S . On the contrary, the CO contributions appears at α
2
S for hadroproduction and at
ααS for photoproduction, which renders the computation of their loop corrections sometimes easier. As we
mentioned above, these NLO corrections to the PT -integrated yield in NRQCD had been computed [87] in
1997. However, the first phenomenological study [98] only appeared in 2006.
As what regards the NLO corrections to the COM contribution to the PT -differential cross section, the
first partial one considering only the S -wave octet states was released in 2008 [99] by the IHEP group.
It was completed by 3 groups (Hamburg [100], again IHEP [101] and PKU [102]) which have carried
out a number of NLO studies of cross-section fits to determine the NRQCD CO LDMEs, including the
photoproduction case [103] and that of the χc [104] as well as many more. Their conclusions nevertheless
differ both qualitatively and quantitatively (see also [105, 106]). The situation is obviously not satisfactory,
to the extent that the CEM, which had gone out of fashion, refocused our attention [49, 50]. This motivated
us to perform the first NLO (α4S ) analysis [49] of the J/ψ-PT spectrum in the CEM. We will review all these
recent updates of NLO computations in section 2.
1.1.5. What’s next ?
In principle, the recent LHC data should help in settling the situation. For instance, the recent ηc study by
LHCb [107] already significantly reduced, by virtue of heavy-quark-spin symmetry (HQSS), the allowed
region for some J/ψ LDMEs (uncovering significant tensions with data for the Hamburg and IHEP fits).
Along the same lines, we have recently proposed [108] to analyse η′c production which should signifi-
cantly constraint the ψ′ LDMEs which are less constrained than the J/ψ ones. Indeed, neither e+e− nor ep
data exist.
χQ studies at very low PT where the magnitude of Landau-Yang suppression of the χQ1 should offer
complementary information about the relevant of the CS physics at low PT and whether the typical off-
shellness of the initial gluons predicted to increase with the collision energy [109] is large or not. The
newly observed [110] χc decay into J/ψ + µ+µ− should allow LHCb to look further into this physics.
As it will be clear from our detailed discussion of the NLO corrections to the COM, more precision for
the yield and the polarisation is not what we need. The different LDMEs on which the debate bears nearly
always appear inside the same linear combinations in hadroproduction observables.
Much hope is then put in associated-production channels where the LDMEs sometimes appear in dif-
ferent linear combinations or where the CSM is expected to be dominant and can be tested. So far, data
exist for J/ψ + W by ATLAS [111], J/ψ + Z by ATLAS [112], J/ψ + J/ψ by LHCb [113, 114], D0 [115],
CMS [116], ATLAS [117] J/ψ + charm by LHCb [118], Υ + charm by LHCb[119], J/ψ + Υ by D0 [120],
Υ + Υ by CMS [121]. More will be available with the forthcoming projected LHC luminosities. Yet, by
lack of complete NLO NRQCD computations, the current fits cannot include them. A vigorous theoretical
effort is therefore needed to allow for a drastic reduction of the uncertainties on the NRQCD LDMEs and
finally test NRQCD. We will review all these observables in section 3.
6 As we will discuss later, such NLO computations at Tevatron and LHC energies seem to be extremely sensitive to the PDF
behaviour and a great care should then taken when interpreting them.
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A last aspect not to be overlooked, and recently uncovered by our detailed studies of associated
hadroproduction [122, 49, 123, 124, 125], is that of double parton scatterings (DPS), usually assumed
to come from two independent single parton scatterings (SPS) –i.e. all the reactions discussed above. On
the one side, it means that associated-production of quarkonia can help us to gain more insights into the
multiple particle dynamics of the proton-proton collisions. On the other, this may signify that the use of
such associated production channels to study the quarkonium production mechanism or to use them to study
the initial state of a –single-parton– collision may significantly be complicated. Along these lines, let us
add that triple J/ψ production has lately been theoretically studied [126, 127] and may also bring in com-
plementary information on both the multi parton dynamics involved in such hard scatterings as well as on
the quarkonium-production mechanisms themselves.
As what concerns the short-distance physics, it is obvious that the completion of our partial NNLO
computations is absolutely essential. This is a clear challenge for it involves the computation of thousands
of real-virtual graphs as well as as double virtual graphs, which has never been done before. Such a complete
computation would probably significantly decrease the uncertainties on the short-distance physics and allow
us to extend our partial computations to low PT . Recent progress in QCD-correction computations make
this challenge at reach.
1.2. Quarkonia as tools: a further motivation to study their production
Despite all the above drawbacks, quarkonia –especially the vector ones– remain easy to experimentally
study in different colliding systems with reasonably high yields compared to other hard processes. Except
maybe for anti-proton- and meson-induced collisions at limited energies, quarkonia are dominantly pro-
duced by gluon fusion. As such, they are at least indirect gluon luminometers. They can probably also
tell us much about the spin of the gluons in polarised and unpolarised protons, about their momentum
distribution in nuclei as well as about the parton correlations inside the proton as we just discussed.
Beside being probes of the initial state of collisions, quarkonia can also give us information on the dense
medium resulting from ultra relativistic heavy-ion collisions. Different effects certainly come into play and
call for careful and well-thought analyses bearing in mind our current understanding of the quarkonium-
production mechanism in the vacuum.
1.2.1. Tools to study novel aspects of the nucleon spin
With the constant improvements of the experimental techniques providing larger luminosities, higher trigger
rates and larger data acquisition bandwidths, but also with the advent of the first collider of polarised protons,
RHIC, the study of the nucleon spin in the high-energy domain has definitely taken off. The exploration
of the contribution of the gluons –dominant at high energies– to the nucleon spin is emerging as a crucial
aspect for the understanding of the proton spin, earlier referred to as the resolution of the spin crisis, and
now of the spin puzzle, with the consideration of the role of orbital angular momentum. Clearly a new era
will also open with the proposed US EIC where quarkonia will certainly help further probe the role of the
gluon angular momentum in the nucleon spin.
Theory has also progressed much. Two complementary frameworks are now widely accepted: the
aforementioned TMD factorisation, relying on TMD distributions (TMDs) which extend the usual PDFs
with a transverse momentum for the partons and additional spin effects; the Collinear Twist-3 (CT3) for-
malism [128, 129, 130], relying on 3-parton-correlation functions which generate spin asymmetries.
In this context, the quarkonia –natural gluonometers as we argued above– find their place in the play.
Yet, spin studies usually rely on asymmetry measurements which are easily diluted by unpolarised collisions
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or backgrounds. Looking at rare probes –as compared to pions or kaons for instance– is challenging and
only begins to be done. The first J/ψ double-spin-asymmetry measurement was only released in 2016 by
the PHENIX collaboration [131]. In this case, one can access the gluon-spin contribution to that the proton
spin [132, 133]. The first NLO computation of the corresponding helicity-dependent cross sections was just
carried out in 2018 by Feng et al. [134].
Single –transverse– spin asymmetries (SSA) are more accessible and are possible with a sole target
polarisation at fixed-target experiments. The first SSA study in J/ψ production was carried out by the
PHENIX collaboration in 2010 [135]. It is possible at the CERN-SPS thanks to pion beams with the
COMPASS detector [136], at Fermilab with that of E1039-SpinQuest [137, 138] and then at a possible US
EIC [139]. Extremely promising prospects are also offered by the use of the LHC beams in the fixed-target
mode (referred to as AFTER@LHC in the following) to study quarkonium SSAs –namely of J/ψ, ψ′, χc,
ηc, Υ(nS ), χb and even ψ + ψ– with unprecedented precision [140, 141, 142, 143, 144, 145, 146, 147].
Such SSAs should give us unique information on the gluon Sivers effect which can be studied in the
TMD factorisation for ηc or J/ψ-pair production. Let us recall that the absence of a Sivers effect implies the
absence of gluon orbital angular momentum in the proton. In recent years, a number of theoretical works
promoted such spin-related quarkonium studies [148, 149, 150, 151, 152, 153, 38]. Yet, all of them were
limited to LO and none could go in the details of the FD pattern effects.
With the advent of the TMD factorisation, the spin realm can also be studied without polarised hadrons
at the LHC. Indeed, the correlations between the parton transverse momentum inside an unpolarised hadron
and its own spin suffice to generate observable effects –azimuthal and PT -spectrum modulations. In the
quark sector, this effect is referred to as the Boer-Mulders effect [154]. In the gluon sector, it is connected to
the linear polarisation of the gluons inside unpolarised protons [155]. TMD factorisation was first applied to
Higgs and di-photon hadroproduction [156, 157, 158], then to low PT C-even quarkonia [159] – which can
in principle be produced without any additional gluons, but which is challenging to measure7. Ma et al. then
successfully advanced such an idea for ηc to NLO [160] 8. This confirmed that the computation of the sole
virtual corrections is sufficient to perform a complete NLO computations in the TMD factorisation. We then
proposed [22] to study this effect in the production of an Υ or J/ψ associated with a photon and showed that
sufficient LHC data are already on tape to tell if this linear polarisation indeed exists. The similar process
with a Drell-Yan pair instead of a photon unfortunately likely exhibits [162] asymmetries which would be
very challenging to measure. Yet, we showed [23] in 2017 that di-J/ψ production is currently the best
process to measure this linearly polarisation of the gluon with azimuthal asymmetries as large as 30-40%.
This further illustrates the interest to study associated quarkonium production.
1.2.2. Tools to study a possible deconfined state of matter at extreme conditions
Numerical lattice QCD computations predict [163] that the nuclear matter at extremely high temperature
and density behaves as a deconfined Plasma of Quarks and Gluons (QGP). This phase of matter is expected
to be created in ultra-relativistic nucleus-nucleus collisions for a short time before the fireball cools down
and the process of hadronisation takes place. Quarkonia are sensitive probes of the properties of the QGP
since they are created in hard scatterings during the early stage of the collisions and since they subsequently
interact with the hot and dense medium out of which they escape. In particular, quarkonia are predicted
7 The first ever measurement [107] of inclusive ηc production which we mentioned above has only been carried out in 2014
by the LHCb collaboration but with a PT cut at 6 GeV. Below 6 GeV, the background quickly rises and trigger rates are difficult to
handle.
8 In [161], they however pointed at possible difficulties with the χc,b’s owing to IR divergences specific to P-wave production.
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to be melted due to the screening effects induced by the high density of colour charges [9]. As such, they
should provide information on the medium and, in particular, on its temperature. Moreover, at LHC collider
energies, thus in the TeV range, the number of charm (anti) quarks produced by unit of volume becomes so
large9 that it was suggested [164, 10] that heavy quarks produced in the same nucleus-nucleus collision, but
from different nucleon-nucleon collisions, could bind into quarkonia. Such a recombination would de facto
signal the production of a deconfined medium as well as hint at a collective behaviour of heavy quarks.
Among all the quarkonia, the J/ψ and the Υ are the most studied since their decay into muons offer a
tractable background in collisions where more than one thousand of particles are produced at once.
An entire community of theorists and experimentalists is dedicated to these studies in proton-nucleus
and nucleus-nucleus collisions to predict and respectively measure a relative suppression or enhancement
of their production (see the following reviews [165, 41, 43]). The above picture is however an idealised
one. Many competing effects come in fact into play. Since the EMC measurement [166], we know that the
parton flux inside nuclei –as encoded in nuclear PDF (nPDF)[167, 168, 169, 170, 171, 172, 173]– differs
from that of in the nucleon used as references. Quarkonia can simply be broken up [174, 175], suffer
multiple scatterings [176, 177, 178, 179, 39] or loose their energy by radiation [180, 181, 182], in their
way out of the nucleus overlapping region, even in absence of deconfinement. They can also be broken
by comovers [183, 184, 185, 186]. Besides the possible ambiguity in the nuclear effects at work, the
mechanism(s) via which a quarkonium is created also matters. Indeed, an octet state admittedly does not
propagate in a nuclear environment as a colourless state. As such, quarkonia remain a potential source of
interesting information once the different nuclear phenomena can be disentangled.
Among all the above effects, the simplest to account for and which can then be subtracted is that of
the nPDFs which are extracted from other data sets. In fact, the conception of a unique code, Jin [187], to
compute the effect of the nPDF and of the nuclear break-up using a correct kinematics for the quarkonium
production allowed us to show that most of the high energy data (from the LHC and RHIC) are compatible
with a scenario [188, 189] where the modification of the gluon densities is the dominant effect at the LHC
along the lines of Vogt’s works [190, 191, 192]. If this observation can be confirmed, this would significantly
simplify the interpretation of quarkonium data in AA collisions.
We also recently proposed a simple method [193] which can easily be interfaced to automated tools to
account for the kinematics in a model-independent way and which allowed us to systematically account for
the nPDF uncertainty as encoded in the most recent nPDF set and to study the factorisation scale uncertainty
– which we found to be significant. The compatibility of the data with the dominance of nPDF effects does
not rule out the presence of other effects, in particular in the backward regions at RHIC where the quarkonia
are formed while traversing the nuclear matter. To further assess this compatibility, we performed [194, 195]
in 2017 a Bayesian reweighting analysis to quantify the constraints which can be set by the heavy-flavour
pA data, on both open (charmed and beauty hadrons) and closed (quarkonia). We found that the D and J/ψ
meson data point at a similar depletion in the gluon densities at x < 10−3. Given that different nuclear effects
are expected to impact these particles, this is a non-trivial indication that the above picture may indeed be
correct.
To go even further, we do hope that the new observables that we will discuss in section 3 can clar-
ify in the near future the production mechanisms of the quarkonia in the vacuum. In turn, we should be
able to improve the aforementioned description of quarkonium production in proton-nucleus and nucleus-
nucleus collisions. A better understanding of quarkonium production in the vacuum also has very practical
implications with regards the possible FDs from the excited states to the observed lower-lying states as it
can induce different values of the nuclear modification factors. We will provide an up-to-date discussion
9 About 80 pairs are produced on average in each PbPb collision at 5 TeV
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of these in section 2.1. Quarkonium production in proton-nucleus and nucleus-nucleus collisions are by
themselves research fields worth a dedicated review which is outside the scope of this one. Yet, a specific
effort towards the definition and the promotion of new observables for quarkonium production in proton-
nucleus and nucleus-nucleus collisions should also be accomplished in the near future in order to propose
new measurements at the LHC, RHIC, SPS and AFTER@LHC.
2. Recent developments in the phenomenology of inclusive quarkonium pro-
duction
In this section, we summarise the recent developments –most of them related with the realisations of NLO
computations– in the application of the 3 aforementioned theoretical approaches to the realms of hadron col-
liders (the Tevatron, RHIC and the LHC), electron-proton colliders (HERA, EIC and LHeC) and electron-
positron colliders (LEP and B factories).
Its main purpose is to propose to the reader an up-to-date context to the discussion of the associated-
production observables in section 3. We have however decided not to cover the recent updates as what
regards the kT factorisation –which is however still being applied at LO in αs [27, 28, 29]– and the recent
progress in addressing the high-PT regime in the fragmentation-function approach [196, 197, 198, 199,
95, 200, 201] – whose predictions for the associated-production channels discussed in section 3 are still
lacking. As such, and unless stated otherwise, all the discussion will focus on computations made in the
collinear factorisation [26] at fixed-order in αs. We will also not address the attempts to account for the off-
shellness of the heavy-quark in the bound state using the Bethe-Salpeter vertex functions [202, 203]. These
have not been pursued lately as they require the introduction of poorly known 4-point functions and they
have not yet been applied to any associated-production studies. The same applies for approaches including
low-x effects [204] or higher-twist effects [205, 206, 207, 208] or finally a newly proposed factorisation
scheme [209].
As we noted in the previous section, some of these specific reactions [22, 210, 162, 23] have recently
been studied in the framework of the Transverse-Momentum-Dependent (TMD) factorisation [30, 31, 32,
33] since in general quarkonia are thought [159, 150, 143, 211, 212, 149, 213, 214, 40, 215, 216, 217] to
give a unique handle on the tri-dimensional momentum distribution of the gluons inside nucleons. We do
not cover these aspects here as it certainly deserves a dedicated review.
In the hadroproduction case, Born-order cross sections are systematically dominated by gluon fusion
and the majority of the data sets focus on events where the quarkonium has a finite, nonzero, PT . This is
not only justified by experimental requirements but also because it is believed that pQCD computations are
more reliable when PT is getting larger. Yet, hadroproduction data also exist for PT -integrated cross sections
which we will also discuss in a dedicated section owing to its relevance for heavy-ion and spin applications.
Photoproduction and leptoproduction have extensively been studied at HERA and provide a complementary
playground to hadroproduction, in a more restricted PT range though. At HERA, quarkonium production is
usually dominated by photon-gluon fusion. We will also report on PT -integrated cross sections in this case.
LEP studies of inclusive quarkonium production mostly cover a region where photon-photon fusion occurs
in a PT range similar to that of HERA. At B factories, imposing a nonzero PT seems less crucial because of
the clean initial state.
Besides restrictions on PT , most of the available recent datasets are also restricted in rapidity, usually
towards values close to zero in the hadron centre-of-momentum system (c.m.s.). The notable exceptions are
the LHCb detector and the ALICE and PHENIX muon arms which cover more forward rapidities. Since we
will not systematically review the whole set of existing experimental data, we naturally guide the reader to
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the HEPData data base (https://www.hepdata.net/) and to a dedicated repository of quarkonium mea-
surements up to 2012 (http://hepdata.cedar.ac.uk/review/quarkonii/) and documented in [218].
2.1. Digression about the feed downs
In order to properly address the phenomenology of quarkonium inclusive production, it is fundamental to
bear in mind that a given quarkonium can be produced through the decays of other particles. The mech-
anisms underlying these reactions can be very different than the production picture presented above, ac-
cording to which a heavy-quark pair is produced in a hard scattering and then hadronises in the observed
quarkonium states. Such a production mode is in fact referred to as the “direct” one.
There exist two other frequent modes of production, that from a (strong or electromagnetic) decay of an
excited states of the same family and, for the charmonium case, that from a (weak) decay of a b-hadrons.
Of course, H0, Z0, W± bosons can also decay into a quarkonium but the corresponding rates are usually so
small that their contributions to the measured yield can safely be neglected. The same applies to the decay
of a bottomonium into a charmonium. These decays however are interesting production processes on their
own, but they need not to be corrected for or subtracted to interpret other inclusive measurements.
In principle, with the appropriate detectors, one can disentangle or separately measure the FD yields
from the direct one. One usually define F(non)promptQ as the fraction of (non)prompt Q (Q being here a
charmonium), FQ′Q as the fraction of Q from Q′ (Q′ being a higher state of the same family) and FdirectQ as
the (prompt) fraction of Q which are produced without transiting by any other quarkonium states.
In the case of b-hadron decays to charmonia, owing to the b-hadron lifetime, the tracks left by the char-
monium are displaced in a way which is measurable by a “vertex” detector. Thanks to topological cuts
regarding this displacement, this “nonprompt“ component can be isolated. Just as for the other aforemen-
tioned decays, charmonium production in b-hadron decay can also be considered as a production mode by
itself. As what concerns the decay from excited states, the FD yield is obtained either by measuring the
production rates of the excited states which are then multiplied10 by the branching ratio to the measured
quarkonium or by looking at a specific decay channel. Well known examples of measured decay channels
are χb → Υ γ, χc → J/ψ γ and ψ(2S )→ J/ψ pi pi.
From this discussion, it clearly appears that, whereas dealing with direct yields is significantly simpler
theory wise, it brings in nontrivial experimental complications. It even gets more complicated when it comes
to differential-yield measurements since, in principle, the FDs should also be differentially determined.
Let us end this introductory statement by noting that the ψ(2S ) has a special status since the possible FD
it can receive is limited to the nonprompt yield which is rather easy to subtract. The χb(3P) are currently the
only states with a negligible FD of any kind but P-wave quarkonia are notably more complicated to measure
via their electromagnetic decays of S waves and a photon. As such, the data sample of χb(3P) remains very
limited.
2.1.1. b-hadron FD
As we just wrote, disentangling the prompt from the nonprompt yield is usually straightforward and does
not generate any specific ambiguities. In fact, it can even be done on a event-by-event basis such that the
isolation of the nonprompt yield can also be made in associated-production processes which we discuss
in section 3. However, some important past measurements on which we will report later were performed
without a vertex detector or without such a subtraction and some muon detectors are still running without
10 This simple picture can in fact be complicated by efficiency, (polarisation-dependent) acceptance and kinematical effects.
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any (the ALICE muon arm, the COMPASS detector). It is therefore still relevant to remember a few point
about such a FD.
First, it is generally believed that the nonprompt fractions for hadroproduction is negligible at RHIC
energies (
√
s = 200 GeV) and below. Yet, no direct determination exists. A recent study by PHENIX [219],
but at
√
s = 500 GeV, showed that the nonprompt fraction of the PT -integrated yield is 8.1%± 2.3%(stat)±
1.9%(syst) at forward rapidities. Such a value is a little smaller than the LHC measurements, i.e. around
12% (see [41]). It would be interesting to meaasure such a nonprompt fraction in the LHC fixed-target mode
in pH collisions at
√
s = 115 GeV [140, 147]. It should however be kept in mind that as soon as PT cuts
are imposed such a FD is expected to steadily grow even up to more than 20% at PT ' 6 GeV in the range
covered by the RHIC experiments [220] . For the interpretation of most of the current pp data, it is however
not problematic. At TeV energies, the nonprompt fraction is about 12% at low PT and can reach 70% at PT
on the order of 50-100 GeV (see [41]). Clearly, with such a high nonprompt fraction, one should always
be careful in interpreting more specific aspects of the data than the yield. We guide the reader to [41] for a
review on these aspects.
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Figure 1: (a) nonprompt fraction of photoproduced J/ψ for 60 < W < 240 GeV. (b) P2T differential cross section of photoproduced
J/ψ for 60 < W < 240 GeV and 0.3 < z < 0.9 : comparison between H1 data, simulation of the B → J/ψ FD with Pythia tuned
to B data and of diffractive ψ(2S ) FD with DiffVM. Adapted from [69] .
The nonprompt fraction of photoproduced J/ψ was measured by H1 in 2010 and is shown on Fig. 1a.
One clearly sees that FnonpromptJ/ψ becomes very large at small z and is about 20% at z ' 0.35. According to the
simulations shown on Fig. 1b, one should expect FnonpromptJ/ψ also to become very large at large PT (compare
the red dotted curve with the data points). In DIS, FnonpromptJ/ψ seems to be smaller and barely reaches 20%
for 0.3 < 0.45 according to tuned simulation done by H1 in 2002 [221].
2.1.2. Excited-quarkonium FD
Let us now quickly review what is known about the FD of higher-mass quarkonium to the most studied
states. According to the above definition, one has e.g. Fχb(1P)
Υ(1S ) =
σχb(1P) B
χb(1P)
Υ(1S )
σΥ(1S )
with the obvious notation
Bχb(1P)
Υ(1S ) as the branching fraction of the χb(1P) into Υ(1S ).
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Some knowledge on the branching ratio is thus necessary to anticipate whether or not a higher-mass
quarkonium can provide a relevant FD fraction to a lower-lying state. Yet, one also needs to know the
production yields. It has been seen in several examples that predictions should always be taken with a
grain of salt before measurements of both yields are made. Along these lines, care should be taken when
discussing the production in collision systems or associated-production channels where yields are only
theoretically known. That being said, there is no known cases of significant measured FD fractions with
branching ratios below the 10 % level.
Charmonium-to-charmonium FD. Tab. 1 gathers our current knowledge [222] on the branching ratios
for charmonium-to-charmonium decays. Without any surprise, the branching fractions from and to the spin-
triplet S wave are the best known. For some decays, only upper limits are known and, for some, the decay
has even never been seen. Among those, that of ηc(2S ) → ηc is probably that which would be the most
important to learn about for phenomenology.
J/ψ χc0 χc1 hc χc2 ηc(2S ) ψ(2S )
ηc 1.7 ± 0.4 < 0.07 < 0.32 51 ± 6 < 0.32 < 25 0.34 ± 0.05
J/ψ – 1.40 ± 0.05 34.3 ± 1.0 < 18 19.0 ± 0.5 < 1.4 63.4 ± 0.6
χc0 – ? ? ? ? 9.79 ± 0.20
χc1 – ? ? ? 9.75 ± 0.24
hc – ? ? 0.086 ± 0.013
χc2 – ? 9.52 ± 0.20
ηc(2S ) – 0.07 ± 0.05
Table 1: Known values of or limits on the branching ratios for charmonium to charmonium decays [in per cent] [222].
Since hadroproduction is the most studied case, we start by reviewing it and we then only complement
the discussion by specific statements for lepto/photoproduction and e+e− annihilation. Let us start with the
J/ψ case. From Tab. 1, one naturally expects the FDs from the χc1, χc2 and ψ(2S ) to be the largest. In fact,
historically, based a simplistic αs counting, it was believed that χc FD would be the main source of (prompt)
J/ψ. This was contradicted by the pioneering measurement of the CDF collaboration released in 1997 [80]
with a FD fraction on the order of 30 % (see the open blue circle on Fig. 2a) . Measurements were then
performed at the LHC by LHCb and then ATLAS [223, 224]. We now know that this fraction increases
between PT = 2 GeV and 15 GeV and that the χc FD fraction is rather 10 ÷ 15% at low PT . Measurements
of the χc2/χc1 yield ratio [225, 226, 227, 224] then allow one to derive the sharing of this FD between both
states, namely Fχc1J/ψ and F
χc2
J/ψ. In 2013, LHCb reported [227] the first evidence for χc0 hadroproduction and
derived σ(χc0) ' σ(χc2) in their acceptance. As such Fχc0J/ψ is expected to be about half a per cent. Overall,
the situation can be summarised as on Fig. 2b & 2c and Tab. 2,
direct from χc1 from χc2 from ψ(2S )
“low” PT J/ψ 79.5 ± 4 % 8 ± 2 % 6 ± 1.5 % 6.5 ± 1.5 %
“high” PT J/ψ 64.5 ± 5 % 23 ± 5 % 5 ± 2 % 7.5 ± 0.5 %
Table 2: J/ψ FD fraction in hadroproduction at Tevatron and LHC energies.
As what concerns the ηc, there is no experimental FD determination. Existing phenomenological stud-
ies indicate that the sole hc –whose inclusive production has never been measured– may contribute in a
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relevant way to the ηc. However, they also tend to agree [231, 232, 233] that the hc cross section should
be slightly suppressed compared to the other quarkonium states and thus that its FD can be neglected in a
first approximation. According to Tab. 1, another possible relevant FD source may be that of the ηc(2S ).
Its prompt cross section is not yet measured and its branching fraction to ηc is essentially unknown –only
a loose upper bound exists. If this fraction is found to be large and the ηc(2S ) cross section is particularly
large (see [108] for some expectations and section 2.2.2), the ηc(2S ) could be a visible source of FD to ηc
–unlikely larger than 10 % though. From Tab. 1, one might expects some ψ(2S ) FD to the χc states. This
has so far often been ignored in the literature. Indeed, using the ψ(2S ) and χc FD to J/ψ of Fig. 2a, one
easily derives that the ψ(2S ) FD to the χc1 is on the order of 2 ÷ 4% depending on PT and to the χc2 on
the order of 2 %. However, there may be situations (like lepto/photoproduction) where vector-quarkonium
production would highly be favoured compared to the C-even P-wave production and where such a FD
would become relevant. The same may happen for the ηc(2S ) FD to the hc. In this case, none are measured
in any inclusive reaction and thus the size of such a FD remains an academical topic.
We end this short survey on the FD in hadroproduction by the ηc(2S ) case which has recently been
measured in inclusive b-hadron decays by LHCb [234] and whose production should be measurable with
data currently on tapes [108]. The only possible decay is obviously from the ψ(2S ) and its branching is at
the per-mil level, so that it is unlikely to affect the ηc(2S ) phenomenology.
FD can in principle also affect the phenomenology of photo- and electro-production. We have just seen
that b-hadron decay can be a significant source of J/ψ in some part of the phase space. The ψ(2S )/J/ψ
cross-section ratio has been measured by ZEUS [235] in photoproduction for 50 < W < 180 GeV and
0.55 < z < 0.9. From this ratio, ZEUS derived Fψ(2S )J/ψ = 15.5
+3.8
−4.2%.
Simulations of the contribution of χc FD in photoproduction at HERA were reported in [236] and F
χc
J/ψ
was found negligibly small in the region, 0.3 < z < 0.9. So far no published result are available; the
observation of some counts with H1 has been reported in a Master thesis in 2001 [237] but this was not
followed by any publication. Future measurements both in photo- and electro-production at a possible EIC
would be invaluable.
As what concerns e+e− annihilation, Fψ(2S )J/ψ is expected to be about 25% if the CS contributions domi-
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nate. In principle, the measurement of σ(ψ(2S ) + X) by Belle [92] in 2001 should allow one to derive such
a FD fraction. However, as we will see in section 2.2.5, it is very important to distinguish the production
with or without another charm pair since they arise from different mechanisms. Such a separation could not
be done for the ψ(2S ).
Bottomonium-to-bottomonium FD. The discussion of the Υ(nS ) case is the most complex, yet the most
relevant since the FD fraction are significant. The first quantitative information were provided by a study
of the CDF collaboration [238] in the early 2000’s, which indicated that, for PT > 8 GeV, half of the Υ(1S )
yield was from FD. We note here that deriving the FD fractions of the Υ(mS ) into Υ(nS ) (with n < m)
is easy if one has the corresponding yields and branching fractions. For quickly varying differential cross
section, it is however important to take into account the mass difference between the states11. This was
carefully done by Wöhri in [239]. The following discussion relies on her work and LHC χb experimental
measurements. 3092 Page 6 of 13 Eur. Phys. J. C (2014) 74:3092
Fig. 3 Fractions Rχb (mP)ϒ(nS) as functions of pϒT . Points with blue open
(red solid) symbols correspond to data collected at √s = 7(8) TeV,
respectively. For better visualization the data points are slightly dis-
placed from the bin centres. The inner error bars represent statistical
uncertainties, while the outer error bars indicate statistical and system-
atic uncertainties added in quadrature
photons in the kinematical range considered in this anal-
ysis. This uncertainty is dominated by the knowledge of
the ratio of the branching fractions for B+ → J/ψK∗+ and
B+ → J/ψK+ decays.
Another source of systematic uncertainty is associated
with the unknown polarization of χb and ϒ states. The polar-
ization of ϒ mesons for pϒT > 10 GeV/c and in the cen-
tral rapidity region |yϒ | < 1.2 has been found to be small
by the CMS collaboration [56]. Therefore in this paper we
assume zero polarization of ϒ mesons and no systematic
uncertainty is assigned due to this effect. The systematic
uncertainty related to the unknown polarization of χb mesons
was estimated following Refs. [14,17]. For each pϒT bin,
the ratios of efficiencies εχb1/εϒ and εχb2/εϒ are recomputed
using various possible polarizations scenarios for χb1 and
χb2 mesons. The maximum deviation of the efficiency ratio
with respect to the one obtained with unpolarized produc-
tion of χb1 and χb2 states is taken as the systematic uncer-
tainty. The assigned uncertainty on Rχb (mP)ϒ(nS) varies between
0.9 % and 9 % for various pϒT bins.
Systematic uncertainties due to external experimental
inputs, e.g. the ϒ mass or the mass splitting of χb (1P) and
χb (2P) multiplets, are negligible. The systematic uncertain-
ties on theRχb (mP)ϒ(nS) measurements are summarized in Table 3.
Systematic uncertainties on the measurement of the
χb1 (3P) mass are due to the ECAL energy scale, the fit
model and the ϒ(3S) mass [25]. The first of these is stud-
ied by comparing the reconstructed invariant mass of pho-
tons in π0 → γγ decays with the known mass of the neu-
tral pion [57–59], which gives an uncertainty of 1.0 MeV/c2
in χb (3P) → ϒ(3S)γ decays. The effects of possible mis-
modelling of the mass resolution and background mod-
els are found to be 0.8 MeV/c2 and 0.3 MeV/c2, respec-
tively. Other significant contributions to the systematic uncer-
tainty are related to the assumptions on N (χb2)/N (χb1),
and to the mass splitting between χb multiplet compo-
nents. The effect of the unknown value for the mass-
splitting is tested by varying mχb2 (3P) − mχb1 (3P) in the fit
in a range between 9 and 12 MeV/c2, preferred by the-
ory [47,48]; the obtained deviation of 0.4 MeV/c2 is assigned
123
F
[EPJC (2014) 74:3092]
PT      [GeV]
[%
]
Figure 3: Measured FD fraction of χb(nP) to Υ(1S ). Adapted from [240].
Since the discovery of the χb(3P) by ATLAS [3], we know that the 3 Υ(nS ) receive FD from χb(nP). A
crucial study by LHCb in 2014 [240] in fact indicated that, contrary to initial beliefs, the FD fraction Fχb(3P)
Υ(3S )
was significant. For this precise transition, the measurement was however carried out at rather large PT , on
the order of 20÷30 GeV. Owing to the large mass splitting between the χb(3P) and the Υ(1S ), Fχb(3P)Υ(1S ) could
however be measured down to lower PT . This can be used to derive information on the χb(3P) yield12 and
extrapolate the LHCb measurement of χb(3P) FDs to lower PT .
Such an extrapolation is necessary. Indeed, Fχb(1P)
Υ(1S ) decreases by a factor of 2 between PT = 30 GeV and
PT = 7 GeV (see Fig. 3a)13. One can thus wonder whether F
χb(2P)
Υ(2S ) , F
χb(3P)
Υ(3S ) and F
χb(3P)
Υ(2S ) also strongly vary
11 The same of course applies for the charmonia.
12 In 2018, CMS performed [241] the first separation of the χb1(3P) and χb2(3P) peaks but cross section ratios have not yet
been measured
13 In view of Fig. 3a, it is even legitimate to wonder whether Fχb(1P)
Υ(1S ) further decreases below 7 GeV or saturates when PT ≤ MΥ.
Only a dedicated low-PT measurement could clarify this.
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with PT . One first notes that
F
χb(nP)
Υ(mS ) F
Υ(mS )
Υ(1S )
F
χb(nP)
Υ(1S )
=
Bχb(nP)
Υ(mS )BΥ(mS )1S
BnP1S
and is thus constant. The Υ(nS ) (differential) yields
and the Υ(nS ) → Υ(mS ) branching ratios are reliably known such that FΥ(mS )
Υ(1S ) are well determined and
allow one to evaluate FΥ(nS )
Υ(1S )/F
χb(nP)
Υ(1S ) (n = 2, 3). Combining existing experimental information, one finds
that FΥ(mS )
Υ(1S ) /F
χb(nP)
Υ(1S ) (n = m = 2, 3 and m = 2, n = 3) are mostly constant vs. PT (down to PT = (7, 12) GeV
for n = (2, 3)). One can thus reasonably infer that Fχb(2P)
Υ(2S ) , F
χb(3P)
Υ(3S ) and F
χb(3P)
Υ(2S ) are mostly constant in the
corresponding ranges, at variance with Fχb(1P)
Υ(1S ) . As such, the measured values at rather large PT , respectively
30 ± 5%, 40 ± 10% and 4.5 ± 1.5%, can be used at low(er) PT . However, dedicated measurements will be
useful in confirming such extrapolations14. We note that these –which are purely based on data– seem to be
supported by NLO NRQCD computations [242, 243, 244] for which the LDMEs are fit on the (large PT )
data and which can then be extended to lower PT .
From χb1 (1P)
From χ b2 (1P)  
From ϒ (2S)  
From χb (2P)  
From ϒ (3S) 
From χb (3P)  
Direct
(a) Low PT Υ(1S )
From ϒ (3S)  
From χb( 3P)
From χb (2P)
Direct
(b) Low PT Υ(2S )
From χb( 3P)  
Direct
(c) Low PT Υ(3S )
From χb1 (1P)  
From χ b2 (1P)  
From ϒ (2S)  
From χb (2P)  
From ϒ (3S) 
From χb (3P)  
Direct
(d) High PT Υ(1S )
From ϒ (3S)  
From χb( 3P)
From χb (2P)
Direct
(e) High PT Υ(2S )
From χb( 3P)  
Direct
(f) High PT Υ(3S )
Figure 4: Typical sources of hadroproduced Υ(nS ) at low and high PT . These numbers are mostly derived from LHC measure-
ments [240, 245, 246, 247, 229, 248, 230, 249, 250] assuming an absence of a significant rapidity dependence.
Fig. 4 outline the FD pattern of the Υ(nS ) based on the above considerations. Tab. 3, 4 & 5 gather
similar information as in the plots along with the corresponding estimated uncertainties. Owing to the lack
of measurements, we do not discuss the other FD among of the bottomonium states.
2.2. Recent developments in the CSM phenomenology
In the CSM [6, 7, 55], the matrix element to create for instance a 3S 1 quarkonium Q with a momentum
PQ and a polarisation λ possibly accompanied by other partons, noted j, is the product of the amplitude
to create the corresponding heavy-quark pair, M(ab → QQ + j), a spin projector N(λ|s1, s2) and R(0),
the radial wave function at the origin in the configuration space, obtained from the leptonic width or from
14 In our tables, we have artificially doubled the uncertainty attached to these extrapolations.
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Fdirect
Υ(1S ) F
χb1(1P)
Υ(1S ) F
χb2(1P)
Υ(1S ) F
Υ(2S )
Υ(1S ) F
χb(2P)
Υ(1S ) F
Υ(3S )
Υ(1S ) F
χb(3P)
Υ(1S )
“low” PT 71 ± 5 10.5 ± 1.6 4.5 ± 0.8 7.5 ± 0.5 4 ± 1 1 ± 0.5 1.5 ± 0.5
“high” PT 45.5 ± 8.5 21.5 ± 2.7 7.5 ± 1.2 14 ± 2 6 ± 2 2.5 ± 0.5 3 ± 1
Table 3: Υ(1S ) FD fraction [in %] in hadroproduction at Tevatron and LHC energies.
Fdirect
Υ(2S ) F
χb(2P)
Υ(2S ) F
Υ(3S )
Υ(2S ) F
χb(3P)
Υ(2S )
“low” PT 65 ± 20 28 ± 16 4 ± 1 4.5 ± 3
“high” PT 59.5 ± 11.5 28 ± 8 8 ± 2 4.5 ± 1.5
Table 4: Υ(1S ) FD fraction [in %] in hadroproduction at Tevatron and LHC energies. We have doubled the uncertainties on Fχb(2P)
Υ(2S )
and Fχb(2P)
Υ(2S ) at low PT since they are extrapolated.
Fdirect
Υ(3S ) F
χb(3P)
Υ(3S )
“low” PT 60 ± 20 40 ± 20
“high” PT 60 ± 10 40 ± 10
Table 5: Υ(3S ) FD fraction [in %] in hadroproduction at Tevatron and LHC energies. We have doubled the uncertainties on Fχb(3P)
Υ(3S )
at low PT since it is extrapolated.
potential models, namely
M(ab→ Qλ(PQ) + j) =
∑
s1,s2,i,i′
N(λ|s1, s2)√mQ
δii
′
√
Nc
R(0)√
4pi
M(ab→ Qs1i Q
s2
i′ (p = 0) + j), (4)
where PQ = pQ + pQ, p = (pQ − pQ)/2, s1 and s2 are the heavy-quark spins, and δii
′
/
√
Nc is the projector
onto a CS state. N(λ|si, s j) is the spin projector, which has a simple expression in the non-relativistic limit:
1
2
√
2mQ
v( P2 , s j)ΓS u(
P
2 , si) with ΓS = ε
λ
µγ
µ. In the case of a pseudoscalar 1S 0 quarkonium (e.g. ηc), ΓS instead
reads γ5. Summing over the quark spin yields to traces which can be evaluated in a standard way.
In the CSM, quantum-number conservation imposes severe constraints on what the possible partonic
ab→ Q + j can be at LO, and even which topologies are possible via the number of gluons attached to the
heavy-quark line. For the charmonia, here are some examples:
• for hadroproduction, gg → ηc is allowed but, for J/ψ, one more gluon is needed and should be
radiated off the charm line, i.e. gg → J/ψg; gg → χc,2,0 is allowed but, for χc1, one more gluon is
also needed or, one of the initial gluons should be off-shell
• for photoproduction, γg→ J/ψg is allowed but, for ηc, one more gluon is needed, i.e. γg→ ηcgg;
• for production in γγ collisions, γγ → ηcgg is allowed but, for J/ψ, one more gluon is needed, i.e.
γγ → J/ψggg, etc.
Along theses lines, it should not be surprising that the QCD corrections to some processes can be very large
since they allow for the first time the production of a given state or they correspond to specific topologies
which show a different kinematical dependence than the LO ones.
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2.2.1. ψ and Υ hadroproduction at finite PT
As we just mentioned, pseudoscalar and vector quarkonia are produced according to the CSM by different
partonic processes at LO. We therefore discuss them separately and start by the ψ and Υ vector states.
PT -differential production cross section at NLO. In the case of ψ or Υ hadroproduction, the LO contri-
butions are at α3S with only a single partonic process at work, namely gg → Qg with 6 Feynman graphs to
be evaluated. One of them is drawn on Fig. 5a. Like for any other 2→ 2 scattering, the differential partonic
cross section is readily obtained from the amplitude squared15,
dσˆ
dtˆ
=
1
16pisˆ2
|M|2 , (5)
from which one obtains the double differential cross section in PT (PT ≡ PQ,T ) and the Q rapidity, y, for
pp→ Qg after convolution with the gluon PDFs and a change of variable:
dσ
dydPT
=
∫ 1
xmin1
dx1
2sˆPTg(x1, µF)g(x2(x1), µF)√
s(
√
sx1 − mTeyQ)
dσˆ
dtˆ
, (6)
where xmin1 =
mT
√
seyQ − m2Q√
s(
√
s − mTe−yQ)
, mT =
√
m2Q + P
2
T . Using the expression of |M|2 given e.g. in [55], one
can easily reproduce the blue LO curve in Fig. 6a. Let us note that, on the way, that the inability of this LO
CSM computation to reproduce the ψ(2S ) CDF data [251] is in fact the original16 Tevatron puzzle known
as the ψ(2S ) surplus, which boosted the usage of the NRQCD and of the COM in particular.
Q
(a)
Q
(b)
Q
(c)
Q
Q¯
Q
(d)
Q
(e)
Q
(f)
Figure 5: Representative diagrams contributing to 3S 1 hadroproduction via CS channels at orders α3S (a), α
4
S (b,c,d), α
5
S (e,f). The
quark and antiquark attached to the ellipsis are taken as on-shell and their relative velocity v is set to zero.
Nowadays, automated codes allow one to generate such LO amplitudes, to fold them with the PDFs
and to integrate them in the relevant phase space in order to get differential cross sections. Let us cite
MadOnia [57] and HELAC-Onia [252, 253] which have been used in several computations discussed later.
As usual, if one consider dσ/dP2T , the PT dependence of the differential cross section is simply that
of |M|2 up to the decrease of the PDF for increasing xi when PT increases. In what follows, we will thus
indistinctly refer to |M|2 and dσ/dP2T .
At LO, |M|2 approximately scales as P−8T with two far off-shell heavy-quark propagators when the vector
quarkonia is produced at large PT . Compared to the approximate P−4T scaling of light-meson production by
15 The momenta of the initial gluons, k1,2, are, in collinear factorisation [26], related to those of the colliding hadrons (p1,2)
through k1,2 = x1,2 p1,2. One then defines the Mandelstam variables for the partonic system: sˆ = sx1x2, tˆ = (k1 − PQ)2 and
uˆ = (k2 − PQ)2.
16 except for the fact that we plotted RUN-II data
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parton fragmentation, such a scaling is admittedly much softer, yet not trivial like that of a pseudoscalar
quarkonium which is δ(PT ) at LO (from gg → 1S 0). Most of the complications of vector-quarkonium
production are likely due to this uncommon scaling.
The situation is absolutely similar for the case of inclusive vector-quarkonium photoproduction which
we discuss in section 2.2.3. At LO, only one partonic process contributes, namely γg → Qg and the cross
section also scales as P−8T . As first noted by Krämer [81], QCD corrections are genuinely important in such
cases.
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Figure 6: (a) Comparison between the ψ(2S ) CDF data [251] and the CSM prediction at LO (blue band), NLO (grey band) and
NNLO? (red band) accuracy. (b) Comparison between the Υ(3S ) LHCb data [250] and the NLO (grey band) and NNLO? (red
band) CSM predictions for the direct yield. See [61, 60] for details.
Indeed, at NLO [56, 57], we can categorise the different contributions in different classes with specific
PT scalings. The first is that of the virtual-emission contributions as shown on Fig. 5b, which are divergent17
but as far their PT scaling is concerned, they would also scale like P−8T . The second is that of the t-channel
gluon exchange (t-CGE) graphs like on Fig. 5c, where one initial parton radiates another parton (or splits).
They scale like P−6T . At sufficiently large PT , their harder PT behaviour can easily take over their αS
suppression compared to the LO (α3S ) contributions. Hence, they are naturally expected to dominate over
the whole set of diagrams up to α4S . The third interesting class is a subset of the contributionsQ+QQ (where
Q is of the same flavour as the quarks in Q) which also appear for the first time at α4S . Indeed, some graphs
for Q + QQ are fragmentation-like (see Fig. 5 (d)) and nearly scales like P−4T . Such contributions should
thus dominate at large PT , where the harder behaviour in PT is enough to compensate the suppression in
αS and that due to the production of an additional heavy-quark pair. In practice [57], this happens at larger
PT than previously thought [254, 255]. We shall come back to this channel later when discussing the new
observables since it can be studied for itself (see section 3.4.1). At α5S , further new topologies appear, as
illustrated by Fig. 5e and 5f. We will discuss their impact in section 2.2.1.
From the above discussion, one expects some classes of NLO corrections to be enhanced by factors of
P2T and their consideration is therefore crucial for the phenomenology at colliders where large values of
17 These divergences can be treated as usual using dimensional regularisation, see e.g. [56].
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PT can be reached. For instance, it would not make any sense nowadays to compare LO CSM results at
mid and large PT with data, as it was done in the 1980’s and 1990’s. This is also true for the polarisation
observables (see later) since the yield happens to be dominated by completely different topologies with a
possibly different quarkonium polarisation [58, 60]. A detailed account on how NLO corrections can be
computed can be found in [59].
It is not the place here to display an exhaustive list of comparisons between NLO CSM computations
and data. We instead guide the reader to recent reviews where they are compared to RHIC and Tevatron
data [43] or LHC data [41]. To summarise the existing comparisons in a few words: in the Υ(nS ) case
(see e.g. Fig. 6b, grey band), the low-PT data are well described by the CS NLO yield up to 5 GeV and
then a gap opens for increasing PT . We should however note that the Υ(3S ) CS predictions stand for the
direct yield which only amounts to 60% of the inclusive yield (see Tab. 5). For the lighter ψ(nS ), the PT
dependence of the predicted CS NLO cross section is always softer (see e.g. Fig. 6a, grey band) and tends
to over(under)shoot the data for PT below(above) a couple of GeV.
Beyond NLO. As just noted, the discrepancy between the NLO CSM computations and the experimental
data, for both ψ(nS ) and Υ(nS ), gets larger with PT . If we parallel this to the existence of these new P−4T
channels at order α5S , it is legitimate to wonder what their sizes effectively are and whether they can alter
the data-theory comparison.
In fact, their approximate contributions can be evaluated in a relatively “simple”18 manner by computing
the α5S contributions consisting in the production of a Q with 3 light partons (noted j thereafter). Among
them are the topologies of Fig. 5e (gluon fragmentation) and Fig. 5f (“high-energy enhanced”), these close
the list of kinematical enhancements from higher-order QCD corrections. This α5S subset being the Born
(LO) contribution for a physical process (pp → Q + j j j), its contribution is finite except for soft and
collinear divergences.
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Figure 7: Full computation at NLO for (a) Υ(1S ) + X (dashed line) vs. Υ(1S ) + 2 light partons with a cut on smini j (grey band) and
(b) ψ(2S ) + X (dashed line) vs. ψ(2S ) + 2 light partons with a cut on smini j (grey curves) at
√
s = 14 TeV. See [60, 61] for details.
Adapted from (a) [60] and (b) [61].
18 “simple” compared to a full –out-of-reach– NNLO computation and thanks to the aforementioned automated tools.
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between the Υ(1S ) ATLAS data [245] and the NNLO? CSM predictions for the direct yield. Adapted from [256] and [245].
To avoid these divergences, one can impose a lower bound on the invariant-mass of any light partons
(si j). For the new channels opening up at α5S with a P
−4
T scaling, and whose contributions we are after,
the dependence on this cut should diminish for increasing PT since no collinear or soft divergences can
appear in this limit for these topologies. For other channels, whose LO contribution is at α3S or α
4
S , the cut
would produce logarithms of si j/smini j which can be significant. However, one can factorise them over their
corresponding LO contribution, which scales at most as P−6T . As a result, the sensitivity of the yield on the
cut smini j should become negligible at large enough PT .
Thanks to exact NLO computations (e.g. [56]), one can partially validate such a procedure for the
process pp→ Q+ j j with one less gluon. The differential cross section for the real-emission α4S corrections,
Υ(1S ) + j j production, is for instance shown in Fig. 7a. The grey band displays the sensitivity of the cross
section to the invariant-mass cut smini j between any pairs of light partons for a variation from 0.5m
2
b to 2m
2
b. It
indeed becomes insensitive to the value of smini j as PT increases, and it very accurately matches the complete
NLO result. In the charmonium case, the corresponding contributions from pp → ψ(2S ) + j j reproduce
even better –for lower PT and with a smaller dependence of smini j – the full NLO computation, see Fig. 7b.
Anticipating the discussion of associated-production reactions, let us note that the same procedure was
checked at NLO for J/ψ(Υ) + γ [257], J/ψ + J/ψ [258] and J/ψ + Z [259], after a comparison with the
complete corresponding NLO computations [260, 261, 259]. Owing to its success and its simplicity, this
technique has been used to provide predictions sometimes with a better numerical accuracy, since it bypasses
the complex computation of the virtual corrections, in more complex kinematical phase spaces. We will
refer to it as the “NLO?" in the following.
Accordingly, we will refer to as NNLO? for the real contribution at α5S with the same IR cut-off, whose
general behaviour is discussed now. At this stage, it should however be noted that even though such approx-
imate method allows one to bypass the complication to compute two loop virtual correction, it nevertheless
amounts to deal with a couple of thousands of Feynman graphs. This clearly requires the use of automated
tools. Back in 2007, we used the tool described in [262], which then became a branch of MadGraph [263].
Further results (such as those shown on Fig. 8) were later computed with HELAC-Onia [252, 253] by Shao.
In the Υ case, it is fair to say that the contribution from Υ with three light partons mostly fills the gap
with the LHCb data (Fig. 6b) and the ATLAS one [256] (see Fig. 8b) with nevertheless a discrepancy of a
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factor of 2÷3 remaining at high PT , while for the ψ(2S ) there seems to remain a small gap opening between
the NNLO? band and the CDF data [251] (Fig. 6a) or the ATLAS data (Fig. 8a). These are representative
of comparisons which could be done with J/ψ once χc and ψ(2S ) FDs are subtracted.
In both cases, the α5S contribution is very sensitive to the choice of the renormalisation scale, µR. This
is easily explained. For moderate values of the PT , the missing virtual part can be important and cannot
therefore reduce the scale sensitivity as expected in complete higher-order computations. On the other hand,
at large PT , the yield is dominated by Born-level α5S -channels from which we expect a larger dependence
on µR than the lower order contributions.
Clearly, if the NNLO? correctly encapsulates the NNLO physics, these results put the CSM back in the
game as the potential leading contribution at mid PT . In addition to the comparisons with the polarisation
data which we discuss next and which are not perfect, there are however some drawbacks. As we will
discuss in section 3.3.3, it is possible that the fragmentation graphs for which the NNLO? method is fully
applicable do not dominate our results. Double t-channel graphs indeed appear at NNLO and may introduce
unwanted logarithms of the cut-off in the results, despite the observed reduction of its dependence with
PT [264]. Further kinematical studies are however needed to draw firmer conclusions in the absence of a
full NNLO computation.
In fact, Shao proposed in 2018 a new method [74] to take into account such PT -enhanced contributions
in a soft- and collinear-safe way, yet with the sole tree-level machinery. His conclusion is that the corre-
sponding contributions up to α5S , dubbed nnLO
19, which exhibit the same PT scaling as the NLO, probably
hint at a limited impact of NNLO corrections at variance with what the NNLO? results lead us to conclude.
Shao however observed a significant infrared sensitivity for the 1S [8]0 channel for which a gluon is necessar-
ily radiated from the heavy-quark pair produced by gluon fragmentation. Two such gluons are required for
the production of 3S [1]1 pairs by gluon fragmentation. In any case, it emphasises how important the comple-
tion of a full NNLO computation is, not only at low PT where both the NNLO? and nNLO approximations
do not hold, but also at large PT .
Polarisation at NLO and beyond. In the case of the vector quarkonia, one can trace back their polarisa-
tion –also more properly called spin-alignement– through the angular distribution of the dilepton into which
they decay. The latter can be parametrised as follows :
d2N
d cos θdφ
∝ 1 + λθ cos2 θ + λφ sin2 θ cos 2φ + λθφ sin 2θ cos φ , (7)
where θ is the polar angle between the positively charged lepton in the quarkonium rest frame and an axis,
chosen to be the polarisation (or spin-quantisation) axis, and φ is the corresponding azimuthal angle defined
with respect to the hadron-collision plane. The angular decay coefficients, λθ (sometimes also referred
to as α), λφ and λθφ, can be related to specific elements of the spin density matrix and are referred to
as the polarisation parameters. An unpolarised yield would be characterised by (λθ, λφ, λθφ) = (0, 0, 0),
thus naturally corresponding to an isotropic decay angular distribution. The cases (1, 0, 0) and (−1, 0, 0)
correspond to fully transverse and fully longitudinal polarisation, respectively.
It is however very important to bear in mind that these coefficients are frame dependent; they depend
on the polarisation axis like the angular distribution of Eq. (7) does. In practice, the exisiting experimental
analyses have been carried in only a few specific reference frames, defined by their polarisation axis. Let us
name the helicity (HX) frame , the Collins-Soper (CS) [265] frame, the Gottfried-Jackson (GJ) [266] frame
19 If α4S contributions are fully accounted for, one then refers to as nNLO contributions.
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as well as the perpendicular helicity (PX) [267] frame. We guide the reader to [35] for the definitions of the
corresponding axes, their naturalness in the context of some production mechanisms as well as a detailed
discussion about the frame dependence and about how measurements in different frames can be compared
and to [41] for an exhaustive list of the existing measurements with their main characteristics.
Most of the measurements –and theory predictions– were nevertheless carried out in the helicity frame
where the spin-quantisation axis points in the direction of the quarkonium in the hadron c.m.s.. At high PT
and in the central rapidity region, it is essentially orthogonal to the beam axis. Moreover, many of them also
only consisted of what one refers to as 1D analyses where the sole polar anisotropy λθ is extracted and the
φ dependence is integrated over.
Polarisation measurements, despite their complexity, have been the object of much attention since 20
years because of the drastic LO prediction of the COM whereby J/ψ should be transversely polarised (in
the helicity frame) at high PT . We will come back to this in section 2.3.1.
LO CS computations in the CS and GJ frames can be found in [268] and in the HX frame in [269].
Fig. 9 shows the behaviour of λθ (or α) at the Tevatron. A very similar trend is observed at the LHC. As
soon as PT gets larger than MQ, the yield is nearly purely transverse. However, in this region, the LO yield
is very small and the P−6T NLO computations will take over.
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Figure 9: Polar anisotropy λθ at LO in the CSM from pp → Q + X for J/ψ (a) and Υ (b) at the Tevatron, √s = 1.96 TeV. Plots
adapted from [57].
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Figure 10: Polar anisotropy λθ at NLO and NNLO? in the CSM from pp → Q + X for ψ(2S ) (a) and direct Υ(nS ) (b) at the
Tevatron at
√
s = 1.96 TeV. The ψ(2S ) data are from [270]. Plots adapted from [61]
The first NLO computation of the polarisaion was performed by Gong and Wang in 2008 [58] for the
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J/ψ. Still in 2008, we performed the first one [60] for the Υ along with a study at NNLO?. Fig. 10 shows
the predicted polar anisotropy at NLO and NNLO? for the ψ(2S ) –that for direct J/ψ would be the same–
and the Υ(nS ). The trend is similar in both cases: the NLO polarisation is getting longitudinal at variance
with the LO result. In the case of the ψ, λθ goes back to 0 at high PT since the ψ + c + c contribution is
becoming the dominant NLO contribution and since it produces unpolarised ψ as we showed in [57]. The
NNLO? yield is also longitudinal.
We only show a comparison with data for the ψ(2S ) case since it is the only one where FD effects do
not matter. In the J/ψ case, the 30% of χc FD (see section 2.1) cannot be neglected.
To date, most of the measurements are compatible with a vanishing polarisation (see Table 1 of [41]).
Yet, some J/ψ measurements at RHIC, the Tevatron and the LHC seem to indicate a slightly negative value
of λθ –much less than the CSM computation though. In the case of the ψ(2S ), the CDF data end up to be
longitudinal [270] in the last bin like data do at large PT and large y in the LHCb case [271].
2.2.2. ηQ hadroproduction at finite PT
In this section we briefly present the corresponding results for the pseudoscalar charmonia, ηc and η′c, at
NLO. The PT -differential cross section for ηc was computed for the first time after the first measurement
of ηc production (PT > 6.5 GeV) by LHCb in 2014 [107]. Their computation is however quite standard
and can, for instance, be carried out with the semi-automated code FDC [272]. As far as the parameters
involved are concerned, they are exactly the same as for the J/ψ, with the same wave function at the origin
|R(0)|2.
ηQ
(a)
ηQ
(b)
ηQ
(c)
ηQ
(d)
Figure 11: Representative diagrams contributing to 1S 0 Q hadroproduction via CS channels at orders α3S (a), α4S (b,c,d). The quark
and antiquark attached to the ellipsis are taken as on-shell and their relative velocity v is set to zero.
The essential difference with the ψ or Υ cases is that P−6T topologies (Fig. 11a) are already contributing
at α3S (LO) in addition to those contributing to vector states (Fig. 5a). Their PT spectrum is thus naturally
harder. Moreover, at α4S , real-emission P
−4
T topologies (Fig. 11c) appear and further harden the spectrum.
In fact, it is a little softer than for P−4T fragmentation topologies since the gluon attached to the heavy-quark
line cannot be soft, otherwise the amplitude vanishes. The invariant mass of the fragmenting system is thus
a little larger than that of a single heavy-quark pair with zero relative momentum and this induces a small
suppression.
Strangely enough, at the time the LHCb data came out, nobody had anticipated this and, as a matter of
fact, nobody had studied the corresponding NLO corrections to the PT -differential cross section. Soon after,
along with that of the CO channels which we discuss later, 3 NLO studies [231, 232, 233] came out with the
same conclusion as what regards the NLO CS contribution: it agrees with the LHCb data (Fig. 12a) with
a K factor slightly increasing with PT . Fig. 12b clearly shows the NLO effect in the case of η′c where the
hard scattering is identical. One also sees that, at low PT , where the virtual corrections can be important,
the scale uncertainties (depicted by the bands) is smaller than at larger PT where the dominant process is
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the Born contribution to gg → η′cgg. To avoid the same situation, we have indeed studied [108], in 2017,
the potentialities and the motivations (see also later) to observe the η′c at the LHC, which is definitely at
reach in several decay channels with branchings on the order of 10−4. Further predictions for ηc production
at
√
s = 13 TeV have also been provided in [273].
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Figure 12: (a) NLO CS PT -differential cross section for ηc [231, 232, 233] in the LHCb acceptance at
√
s = 8 TeV compared to
the LHCb measurement [107]. (b) LO and NLO CS PT -differential cross section for η′c at
√
s = 13 TeV. (a) Adapted from [232],
(b) taken from [108]
2.2.3. ψ photoproduction at finite PT
Quarkonium inclusive photoproduction, whereby a quasi real photon hits and breaks a proton and then pro-
duces the quarkonium, is very similar to hadroproduction where two hadrons collide. The fact that one of
the hadrons is replaced by a photon introduces some simplification in the theory computations of such direct
photon-proton interactions. However, the cross sections are necessarily smaller which requires large lumi-
nosities to produce objects like quarkonia. As such, the statistical samples collected at HERA are smaller
than at the Tevatron and the LHC. In addition, the hadronic content of the photon can be “resolved” during
these collisions and the theory treatment of these resolved-photon interactions with the proton becomes as
complicated as that of hadroproduction. Finally, the inclusive contributions compete with the exclusive or
diffractive ones whose cross sections for vector mesons like the J/ψ are extremely large. Yet, as we dis-
cussed in section 2.1, the possible FDs seem to be limited which reduces the complication inherent to their
consideration –most of the time, they are ignored or encompassed in a global normalisation factor. This
seems reasonable except possibly at the largest PT accessed at HERA where one cannot exclude that the
nonprompt FD become dominant.
As we already discussed, the first NLO computation of any quarkonium production process at finite PT
was carried out in the mid 1990’s in the case of direct20 photoproduction by Krämer [81]. We will outline
20 In this context “direct” applies to the photon and should not be confused with the notion of “direct” yield where FD contri-
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it here as well as recent discussions which occurred when computations of the yield polarisation at NLO
appeared.
PT -differential production cross section at NLO. In many respects, the impact of the NLO corrections
to the CSM in direct photoproduction and hadroproduction at colliders are similar. In the case of the
resolved-photon contributions, it is obvious as the graphs are the same. The only difference comes from
the treatment of the gluon flux from a photon instead of a proton. In the direct-photon cases, it appears as
obvious when one looks at the different possible contributing graphs of Fig. 13. The essential difference
comes from the smaller number of possible graphs in the photoproduction case. Besides this, the discussion
of the kinematical enhancement of some NLO topologies when PT grows is the same. In fact, the discussion
we made in the previous section was already done for photoproduction in the Krämer’s studies [81, 45].
Q
(a)
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(b)
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(c)
Q
Q
Q¯
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Figure 13: Representative diagrams contributing to 3S 1 direct photoproduction via CS channels at orders αα2S (a), αα
3
S (b,c,d), αα
4
S
(e). The quark and antiquark attached to the ellipsis are taken as on-shell and their relative velocity v is set to zero.
In practice, like in hadroproduction, the differential partonic cross section is readily obtained from the
amplitude squared21, like in Eq. (5). As it brings in additional information compared to the quarkonium
rapidity, y, one defines the variable z = (PQ.PP)/(Pγ.PP), called inelasticity, which ranges between 0 and
1 and which corresponds to the energy, in the proton rest frame, taken away by the quarkonium Q off the
photon. One also has z = 2EPmTWγpe−yLab. . At small z, resolved-photon contributions take over the direct ones.
When z approaches 1, one gets closer to the exclusive limit where the proton stays intact. In between these
regions, the direct-photon contributions are expected to be dominant. In such a case, the photon flux is
simply assumed to be γ(xγ) = δ(xγ − 1).
Hence, one easily obtains differential cross sections, e.g. in PT and z (or y), for γp→ Qg after convolu-
tion with the PDFs and a change of variable from the Mandelstam variables:
dσ
dzdPT
=
∫ 1
xminγ
dxγ
2xγxpPTγ(xγ, µF)g(xp(xγ), µF)
z(x1 − z)
1
16pisˆ2
|M|2 , (8)
where xp =
xγP2T+m
2
Q (xγ−z)
sz(xγ−z) , x
min
γ =
z(sz−m2Q )
sz−m2Q
, mT =
√
m2Q + P
2
T . Using the expression of |M|2 given e.g. in [7],
one can easily reproduce the dotted LO curve in Fig. 14.
Since data exist essentially only22 for J/ψ, we will restrict the discussion to its production. Exactly like
in hadroproduction, |M|2 approximately scales at LO as P−8T with two far off-shell heavy-quark propagators
bution are removed. This is admittedly a unfortunate naming choice which is however very customary.
21 The momenta of the initial partons, k1,2, are related to those of the colliding particles (Pγ for the photon and Pp for the proton)
through kγ,p = xγ,p Pγ,p. One then defines s = (Pγ + Pp)2 = W2(γp) and the Mandelstam variables for the partonic system, as usual:
sˆ = sxγxp, tˆ = (k1 − PQ)2 and uˆ = (k2 − PQ)2.
22 The ratio ψ(2S )/J/ψ was measured for 3 points in PT by ZEUS in 2012 [274].
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in order to produce a large-PT J/ψ. The different NLO contributions can be grouped in different classes
with the same PT dependence. The virtual-emission contributions as shown on Fig. 13b scale like P−8T .
The t-CGE topologies (see Fig. 13c) scale like P−6T and, at sufficiently large PT , they dominate over the LO
contributions. Such topologies exist for γg or γq fusion. These are expected to dominate over the whole set
of diagrams up to αα3S .
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Figure 14: PT -differential J/ψ photoproduction cross sections predicted by the CSM at LO (dotted line) and NLO (dot-dashed line
and blue band) computed for the kinematics of the (a) H1 Hera2 [69] and (b) Zeus Hera1 [235] data and compared to them. The
theory parameters used for the curves are detailed in [275]. Figures adapted from [275].
However, one can also consider a subset of the contributions Q + QQ (where Q is of the same flavour
as the quarks in Q) appearing at αα3S and which contains fragmentation-like topologies (see Fig. 5d) which
nearly scale like P−4T . A similar contribution in a 4-flavour scheme, γc → J/ψc was already identified
as a potential production source by Berger and Jones as early as on 1982 [276]. They found that the
partonic amplitude was as large as the γg one but that its contribution to the PT -integrated cross section was
suppressed by the smallness of the charm PDF. We will re-discuss this channel later as a new observable
since it can be studied for itself (see section 3.4.1).
At αα4S , further new topologies appear as illustrated by Fig. 5e. Contrary to the hadroproduction case,
they have never been the objects of dedicated studies, although they are expected to become dominant
at very large PT . We however note that the corresponding fragmentation topologies are not from gluon
fusion. The CS fragmentation contributions were discussed in 1996 by Godbole et al. [277] and the charm
ones were found to be larger than the gluon fragmentation ones at all PT and larger than the LO gluon
fusion ones for PT > 10 GeV (see also [278]). If studies are carried out at large PT at a future EIC,
such fragmentation contributions should be taken into account. On the way, we note that the only study of
inclusive photoproduction at a future EIC that we are aware of is a LO evaluation by Rajesh et al. [215] in
the context of gluon Sivers TMD studies (see Fig. 15 for some predictions).
As we already wrote, Krämer performed the first corresponding NLO study in 1995 [81] which pointed
at a K factor (or equivalently the NLO/LO cross-section ratio) steadily increasing with PT , resulting in a
reasonably good agreement with the first H1 [279] and ZEUS [280] data. This is easily understood from the
above arguments. In 2009, this NLO photoproduction study was revisited by 3 groups [281, 282, 103] in
order to compute polarisation observables at NLO (see next). In these, they noted that the choice made by
Krämer of a constant –and small, µR = µF =
√
2mc– scale choice was probably leading to an overestimation
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Figure 15: P2T -differential J/ψ photoproduction cross sections predicted by the CSM at LO for 2 EIC
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of the QCD corrections. With seemingly more standard choices, on the order of mT , the NLO results rather
look like those on Fig. 14 from Butenschön and Kniehl [275] compared to the HERA2 H1 [69] and HERA1
ZEUS data [235]. Whereas the CS NLO predictions are very close to the H1 points (in particular at the
largest accessible PT ), it lies a factor of 3 below the ZEUS points. This can simply traced back by the fact
that the ZEUS cross sections are larger than the H1 ones. So far, this remains unexplained. ZEUS also
reported in 2012 [274] on the cross section as a function of both z and PT with the same conclusion as
above.
We also note that the theory uncertainties are as large as a factor of 2 and that the K factor surprisingly
gets much smaller than unity at low PT which indicates that care should be taken when discussing PT -
integrated cross section (see also 2.2.6). In these data, FDs were not subtracted. One expect 15% FD from
ψ(2S ) and a b hadron FD increasing with PT –and then possibly dominant– following the H1 simulations.
None of them could experimentally be measured, especially differentially in PT .
Overall, whereas NLO corrections appear as fundamental in photoproduction than in hadroproduction
to get the dominant CS contribution at finite PT , it is difficult to make strong conclusions given the small
remaining gap between the theory and the data, the size of the theory uncertainties, an apparent discrepancy
between experimental datasets and our limited knowledge of the b FD at large PT .
Polarisation. The study of the polarisation of photoproduced J/ψ follow exactly the same lines as for
hadroproduction with the measurement of the angular-distribution coefficients λθ (or α, λ), λφ (or ν/2) and
λθφ (or µ) of the leptons from the J/ψ decay in a given frame. For LO results and the definition of frequently
used frames, we guide the reader to [283]. Following the first NLO polarisation hadroproduction studies in
2008, which we previously discussed, λθ and λφ were evaluated at NLO in 2009 [281, 282].
Unsurprisingly, like for hadroproduction, the impact of the dominant NLO real-emission corrections is
to render the yield mostly longitudinally polarised in the helicity frame for increasing PT . Fig. 16 shows
the LO and NLO CSM computation of λθ and λφ as a function of PT by Butenschön and Kniehl (similar to
that of Artoisenet et al. [281] and Chang et al. [282]) compared to two HERA datasets: one from H1 [69]
and another from ZEUS [284]. The H1 study was carried in both the helicity (or recoil) and Collins-Soper
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Figure 16: PT -differential polarisation parameters for photoproduced J/ψ predicted by the CSM at LO (dotted line) and NLO (dot-
dashed line and blue band) computed for the kinematics of the (a) H1 HERA2 [69] and (b) Zeus Hera1 [284] data and compared
to them. The theory parameters used for the curves are detailed in [285]. Adapted from [285].
frames and that of ZEUS in the target frames (see appendix A. of [283]23). The NLO CS band for λθ agrees
reasonably well with the H1 data in the helicity frame but the agreement is deteriorated in the Collins-Soper
frame (not shown). The ZEUS data (in the target frame) tends to positive values of λθ at variance with the
NLO CS. Like for the cross sections, the H1 and ZEUS datasets do not completely agree. We note that
the ZEUS dataset includes data at large z up to unity. As such, it is likely polluted, but only at low PT , by
diffractively produced J/ψ whose polarisation is likely different than inclusive ones. The interpretation of
λφ is not easy owing to the large theory uncertainties at low PT and the large experimental uncertainties.
2.2.4. ψ leptoproduction at finite PT
As compared to photoproduction, leptoproduction –also referred to quarkonium production in deep inelastic
scatterings (DIS)– exhibits two important assets. First, the fact of dealing with a virtual photon enables one
to disregard the resolved contributions. Second, the photon virtuality likely renders the heavy-quark-pair
production more perturbative than in the real-photon case, with a smaller expected impact of QCD-radiative
and higher-twist corrections.
There are however counterparts. First, the cross sections are necessarily smaller –the suppression scaling
like 1/Q4. Only 4 experimental studies are available: 3 by H1 [286, 221, 69] and 1 by ZEUS [287]. Second,
the theory is getting significantly more complex24 with the appearance of a new scale in the computation.
23 At small PT and for the HERA conditions, the helicity, target and Gottfried-Jackson frames should yield similar results since
the polar axis vector would point in similar directions (up to a sign change between the target and Gottfried-Jackson frames).
24 Additionally, the treatment of the photon emission is more complex. Indeed, it was recently pointed out by Zhang and
Sun [288] that the structure functions, F1, F2, and F3 are not sufficient to describe the kinematic distribution of hadron production
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As a matter of fact the first NLO study [289], on which we report below, was only completed in 2017.
PT -differential production cross section at NLO. The treatment of the kinematics of leptoproduction
is usually a little different than that of photoproduction. Obviously, one introduces the photon virtuality
as Q2; correspondingly, ones refers to the photon momentum as q. k` is the lepton momentum. The
Bjorken variable xB is the same as in inclusive DIS, namely xB = Q2/(2PP.q), but does not coincide
with the momentum fraction of the struck parton in the proton, xP. One also introduces y = PP.q/Pp.k`
which helps study the effect of the off-shell photon polarisation and the overall c.m.s. energy squared
s = (PP + k`)2 ' 2PP.k`. The variable z and W2 = W2γ?p = sγ?p are the same as in photoproduction and
can be used to characterise, to some extent, the exclusivity of the event. In addition, one defines "starred"
variable, like P?T , when they are measured in the γ
?p c.m.s.. In the latter frame, the lepton has a nonzero
transverse momentum.
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Figure 17: P?T -differential J/ψ leptoproduction cross sections predicted by the CSM at LO (dashed line and yellow band) and NLO
(dot-dashed line and blue band) computed for the kinematics of the H1 HERA1 [221] data and compared to them. The theory
parameters used for the curves are detailed in [290, 289]. Adapted from [288, 289].
As we noted, care should be taken in decomposing the ep → eJ/ψX cross section in leptonic and
hadronic tensors when some cuts are applied –which is nearly always de facto the case. We refer to [290]
for analytic expressions of the CS LO hadronic tensors corresponding to a proper decomposition to deal with
cross sections with cuts. We note that, following the pioneering study of Baier and Rückl [291], several CS
LO studies [292, 293, 294, 295] were carried out but they were shown by Kniehl and Zwirner [296] to
disagree between each others. Yet, the latter was shown by Sun and Zhang [290] to be affected by the
aforementioned issue related to the hadronic tensor forms.
The same graphs as Fig. 13, but with a virtual photons, contribute to the cross section. For P?2T  Q2,
the same considerations as for photoproduction with respect to the P?2T scaling of the different contributions
can be done. Once again, the essential difference with photoproduction is the absence of resolved-photon
contributions. The dashed curve and the yellow band of Fig. 17 show the LO CS yield in the corresponding
acceptance of the H1 2002 dataset [221] which is then compared to these data. One clearly sees that the LO
in DIS in the laboratory frame; azimuthally dependent structure functions (or terms in the hadronic tensor) are also needed. This is
of relevance for J/ψ leptoproduction.
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CS cross section has a softer P?2T spectrum than the H1 data. Comparisons to other data sets can be found
in [290].
The first NLO analysis by Sun and Zhang [289] confirmed the expectations for a K factor growing with
P?2T . A representative comparison between the CSM at NLO and the data is shown Fig. 17. Unfortunately
the analysed data set in their study (0.3 < z < 0.9, 12 < Q2 < 100 GeV2, P2T > 6.4 GeV
2) is admittedly
restricted. As far as the P?2T dependence is concerned, we do not agree with the conclusion of Sun and
Zhang that “the CS contributions are still much small than the experimental data". As a final note, let us
recall that the FDs have never been measured (and are not included in the theory curves nor subtracted from
the data points). They are expected to be 15% for the ψ(2S ) and, for the b hadron, 17 % in 0.3 < z < 0.45
according to MC simulations tuned to B production cross sections by H1 in 2002 [221]. By analogy with
photoproduction, they might become significant at large P?2T (see section 2.1).
Polarisation To date, there has been only a single study of the polarisation of the J/ψ produced in inclu-
sive DIS. Based on a 1D analysis of the polar distribution on their sample with P?2T > 1 GeV
2, H1 reported
in 2002 [221], λθ = 0.1+0.4−0.3 in the helicity frame. Such a measurement is compatible with an unpolarised
yield but hardly discriminant between the different models. LO CS predictions have been provided by Yuan
and Chao [295] and showed an increasingly longitudinal yield for increasing Q2, except at very large z.
However, QCD corrections may significantly alter such LO-based computations like for photoproduction.
Unfortunately, later HERA analyses did not address polarisation measurements.
2.2.5. ψ production in e+e− annihilation
In addition to quarkonium-production studies in pp and ep collisions, quarkonia were of course also studied
in e+e− annihilation. Let us recall that one of the discovery mode of the J/ψ and ψ(2S ) was e+e− annihila-
tion. Inclusive data have been collected at LEP at
√
s ' 200 GeV both via γγ collisions and via Z decays
as well as at B factories at
√
s ' 10.6 GeV. We briefly review below the recent phenomenology of such
studies.
B factories The first measurements of inclusive J/ψ production cross sections at B factories were released
as early as in 2001 by the BaBar [297] and Belle [92] collaborations. They respectively reported 2.52 ±
0.21 ± 0.21 pb and 1.47 ± 0.10 ± 0.13 pb. These values were found to be significantly larger than the LO
CS prompt25 J/ψ predictions [298, 299, 300], on the order of 0.2 ÷ 0.5 pb, following the lines of earlier
works [301, 302, 303] (see the dashed curves of Fig. 19a).
3S [1]1
(a)
3S [1]1
c¯ c
(b)
3S [1]1
(c)
3S [1]1
(d)
3S [1]1
c¯ c
(e)
3S [1]1
cc¯
(f)
Figure 18: Representative diagrams contributing to 3S 1 production in e+e− annihilation via CS channels at orders α2α2S (a,b), α
2α3S
(b,c,d,d). The quark and antiquark attached to the ellipsis are taken as on-shell and their relative velocity v is set to zero.
In 2002, it was however found out by Belle [93] that more than half of the inclusive J/ψ were created
with another charm pair. These will specifically be discussed in section 3.4.1. When their contribution are
25 CS-based theoretical estimation states that the ψ(2S ) FD increases the cross section by 1.3 [66, 67].
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subtracted, the discrepancy is drastically reduced. In fact, in 2009, Belle released their last analysis [94],
with more than 30 times more data, where σ(J/ψ+Xnon cc) = 0.43±0.09±0.09 pb which is well compatible
with the LO CS predictions, but for the fact that the momentum distribution of the J/ψ tended to be slightly
harder than that of the data. This issue has been anticipated by Lin and Zhu [304] as well as Leibovich and
Liu [305] who carried out the resummation of the large log(E−Emax) –referred to as leading logarithm (LL)
resummation in the following. Ma et al. performed [66] a LL resummation and obtained the LO+LL curve
shown on Fig. 19. Whereas the momentum dependence is visibly affected, the total cross section is only
modified (reduced to be precise) by about 7%.
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Figure 17: Prompt σ(J/ψ + Xnon cc) cross section in units pb from the CS at LO (dashed lines) and NLO (solides lines) compared
to the Belle measurement [88]. The theory parameters used for the curves are detailed in [62]; the region spanned by the curves is
indicative of the theoretical uncertainties. The Belle experimental uncertainties have been combined in quadrature. Figure adapted
from [62].
LEP in γγ collisions
LEP in Z decays
Prospects for Belle-II
2.2.6. The PT -integrated yields and their energy dependence up to NLO
In the previous sections, we have discussed why α4s and α
5
s corrections to the CSM drastically alter the
PT -differential ψ(nS ) and Υ(nS ) cross sections in high-energy hadron collisions. However, if anomalously
large contributions to the total, PT -integrated19, cross section arise from QCD corrections, this would cast
doubt on the convergence of the expansion in αs. To be more precise, the enhancement of these higher-order
QCD corrections come along with kinematical factors such PT/m{Q,Q} whose impact is necessarily reduced
when PT is integrated over. It is thus important to verify that LO and NLO predictions to the total cross
section are close to each other and agree with experimental data.
Let us also recall that, unlike other quarkonia states, the ψ(nS ) and Υ(nS ) PT integrated and differential
cross sections are computed from the same set of Feynman graphs in the CSM. Indeed the graphs allowing
for their production recoiling against a parton, which then provides their PT , are also the first non-vanishing
ones in the αs expansion. Formally, this means that the total cross section of vector quarkonia in the CSM is
an α3s process whereas, for pseudoscalar states or Pwaves, it appears at α
2
s . This lead some to conclude [265]
that the direct vector quarkonium production was sub-leading and they ought to be produced either via decay
from states produced at α2s or from other mechanisms like the CEM or COM. We will see that it is far from
being obvious.
19 In what follows we shall indeed employ “total" for “PT integrated", even though y is not “totally" integrated over. In practice,
many experimental data sets allow one to recover the PT -integrated yield, whereas none allows for a complete y integration at
colliders.
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Figur 19: (a) Prompt σ(J/ψ + Xnon cc) cross sect on i nits of pb from he CS at LO (dashed lines) and NLO (solid lines)
compared to the Belle measurement. The region spanned by the curves is indicative of the theoretical uncertainties. (b) J/ψ-
momentum differential cross section for J/ψ+ Xnon cc in units nb/0.5 GeV as measured by Belle compared to the CS LO (long dash
gray), LO+LL (short dash gray), NLO (blue small dash), NLO+LL (red solid) predictions by Ma et al.. The theory parameters
used for the curves are detailed in [66]. The Belle experimental uncertainties [94] have been combined in quadrature. Adapted
from (a) [66] and (b) [94].
In the meantime, the CS cross section could be computed at NLO accuracy [66, 67]. A selection of NLO
graphs is shown on Fig. 18. A K factor close to 1.2 was found in both studies as well as a good convergence
of the perturbative series for µR close to mc for which the cross section is the largest. A representative data-
theory comparison is shown on Fig. 19a which shows that the CS easily saturates the Belle measurement
and the effect f the NLO correcti s. The NLO+LL curve included the resummation effect which are quasi
irrelevant for the total cross section (increase by 0.5%) and the shape.
2 comments are in order at this stage. First, it will be very important to have a further confirmation
of the latest Belle cross-section measurement as it happens to be significantly below the BaBar one. In
particular, it will be useful to have a study of the impact of requiring more than 4 charged tracks in the final
state (in orde to cut off initial-state radiatio s f om the e±). Second, whereas resumming LL corrections
does not affect the CS NLO spectrum (compare the blue and red curves on 19b), v2 relativistic corrections
have been shown [68, 306] to further enhance the CS cross section by 20 ÷ 30%. Taking into account the
ψ(2S ) FD, one therefore obtains :
σ NLO, v
2 corr.(J/ψ + Xnon cc) = 0.55 ± 0.15 pb. (9)
It therefore seems that, after a rather long period of confusion, the CS computations are in good agreement
with the experimental data as what concerns the J/ψ inclusively produced without additional charm. In
2014, Shao further noted [307] that an additional effect had been overlooked, namely that from QED ISR.
Since the predicted CS cross section for J/ψ + Xnon cc steadily decreases with
√
s away from the threshold,
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the expected effect of these ISR is to increase the cross section. Quantitatively, this increase depends on
the momentum distribution and he found enhancement values from 15 to 30 % which should further be
combined to the aforementioned QCD and relativistic corrections. Overall, one gets
σ NLO, v
2 corr., ISR(J/ψ + Xnon cc) = 0.65 ± 0.2 pb, (10)
whose central values now even tends to be above the Belle measurement.
As what concerns the ψ(2S ) case, only the inclusive differential cross section (for p? > 2 GeV) has
been measured by Belle in 2001 [92]. As we have just seen, it is however essential that the ψ(2S ) + Xcc
cross sections could be measured and subtracted. Hopefully, this could be done at Belle-II.
Finally, Belle performed [94] a first measurement of the polarisation of the J/ψ + Xnon cc yield and
reported λθ = 0.41+0.60−0.45 in the helicity frame. This could certainly be improved at Belle-II in spite of the
complexity of such a measurement. On the theory side, Gong and Wang performed [67] in 2009 the first
NLO CS angular-distribution analysis and found out that λθ at NLO and LO [308] are very similar and both
gets negative for increasing momentum. Predictions for λθ integrated over P?ψ were not provided but we can
estimate, since the polarisation does not vary much with P?ψ , that it should lie between -0.3 and -0.5, thus
about 1.5-σ lower than the Belle measurement.
γγ collisions at LEP Inclusive-J/ψ production has also been studied at higher energies at LEP via γγ
fusion. A single measurement exists by DELPHI [86] for PT up to barely 3 GeV. For PT > 1 GeV, this data
set only comprises 16 events. In addition, the PT -differential measurement was only released as an event
distribution owing to the uncertainty in the evaluation of the efficiency corrections. As such, conclusions
based on this unique data set may need to be taken with a grain of salt.
Like for photoproduction, resolved photons can contribute to the cross section. With a single resolved
photon –a priori the dominant contribution here, the process is akin to photoproduction and, with two
resolved photons, the process is like hadroproduction. In the CSM, C-parity conservation severely restricts
the possible direct-photon channels (leaving aside the FD). As such, γγ → J/ψgg is forbidden, only γγ →
J/ψggg at α2α3S is allowed. γγ → J/ψγ is however allowed at α3 as well as γγ → J/ψcc at α2α2S . The
latter is the dominant contribution to direct J/ψ via direct-photon fusion according to a quick comparison
made by Artoisenet in 2009 [309]. γγ → J/ψggg seemingly had never been studied before. Based on a
LO analysis, Klasen et al. had found [85] out in 2001 that the CS yield –essentially from single-resolved
contributions– fell short compared to the DELPHI data by a factor about 5 ÷ 10 keeping in mind the above
comment about the data and that both the data and the theory show uncertainties of a factor of 2 ÷ 3.
QCD corrections to the direct-photon process were then computed by Klasen et al. [84]. In 2009,
Li and Chao [310] performed a complete study of the possible contributions from J/ψ + cc which were
found to increase the CS yield a little but not enough to match the DELPHI data. In 2011, bearing on the
breakthrough of the NLO computations discussed in section 2.2.1, Kniehl and Butenschön provided [311]
the first complete –i.e. including the resolved contributions– NLO CS computation which they found very
close to LO CS result.
In 2016, Chen et al. [312] performed the first NLO study of the sub-contribution from γγ → J/ψ + cc,
thus up to α2α3S . They found out that it could indeed be the dominant source of the CS yield with a K
factor close to 1.5. We note on the way that the theory uncertainties on the J/ψ + cc contributions are much
larger than that on the other CS contributions. Overall, the CS yield remains below the DELPHI data whose
reliability is under debate.
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2.2.6. The PT -integrated yields and their energy dependence up to NLO
In the previous sections, we have discussed how α4s and α
5
s corrections to the CSM drastically alter the
PT -differential ψ(nS ) and Υ(nS ) cross sections in high-energy hadron collisions. However, if anomalously
large contributions to the total, PT -integrated26, cross section arise from QCD corrections, this would cast
doubt on the convergence of the expansion in αs. To be more precise, the enhancement of these higher-
order QCD corrections come along with kinematical factors such as PT/m{Q,Q} whose impact is necessarily
reduced when PT is integrated over. It is thus important to verify that LO and NLO predictions to the total
cross section are close to each other and agree with experimental data.
Let us also recall that, unlike other quarkonium states, the ψ(nS ) and Υ(nS ) PT -integrated and -
differential cross sections are computed from the same set of Feynman graphs in the CSM. Indeed the
graphs allowing for their production recoiling against a parton, which then provides their PT , are also the
first non-vanishing ones in the αs expansion. Formally, this means that the total cross section of vector
quarkonia in the CSM is an α3s process whereas, for pseudoscalar states or P waves, it appears at α
2
s . This
lead some to conclude [313] that the direct vector-quarkonium production was sub-leading and they ought
to be produced either via decay from states produced at α2s or from other mechanisms like the CEM or
COM. We will see that it is far from being obvious.
Indeed, as it was briefly mentioned in the introduction, the LO CSM computations, exactly following
the lines of the 1980’s computations with updated PDFs, reproduce well the PT -integrated yields measured
at colliders, RHIC, Tevatron and the LHC [63, 64, 65], without any parameter adjustement (see e.g. the LO
CSM curves in Fig. 20). The comparison however gets worse at low energies.
Although the central LO CSM predictions agree with the data, the conventional theoretical uncertain-
ties –from the arbitrary scales and the heavy-quark mass– are large, in any case too large to make strong
statements about a possible hierarchy at a precision commensurable with a suppression by a single power
of αs, by the number of graphs, by different branching ratios or by other nonperturbative parameters. It is
thus appealing to wonder whether these uncertainties are reduced at one-loop/NLO accuracy relying on the
NLO breakthrough from 2007 [56]. This is what we discuss now along with the case of the pseudoscalar
case for reasons which will become clear later.
As just discussed, we have to consider the same graphs as those used to compute the PT -differential
cross section. We stress that there is no specific difficulty to integrate the α3S and α
4
S contributions in PT
since they are indeed finite at PT = 0. The only potential issue is the stability of the result at very low PT
where it is known that some fixed-order computation can become negative because of the prominent role
of the virtual corrections which can change signs. A NLO computation is indeed not a perfect square of
the sum of some amplitudes. We will come back to this later. All the required information were known
since [56] and can even be computed with the semi automated tool FDC [272] as done in [58].
To the best of our knowledge, the first one-loop CSM study of the PT -integrated cross section was done
in [63] using the results of [56] for the RHIC conditions, i.e.
√
s = 200 GeV. It was then shown that the
ψ and Υ total cross section at LO and NLO accuracy were indeed compatible and, as expected, the scale
uncertainty was reduced at NLO.
In [65], the corresponding energy dependences were studied from 40 GeV all the way up to 13 TeV. Let
us briefly look at these. Figs. 20 show the energy dependence of the NLO CSM (7 curves27). The 3 red
26 In what follows we shall indeed employ “total" for “PT integrated", even though y is not “totally" integrated over. In practice,
many experimental data sets allow one to recover the PT -integrated yield, whereas none allows for a complete y integration at
colliders.
27 If a curve is not shown until 10 TeV, it means that the total yield got negative.
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Figure 20: The cross section for direct (a) J/ψ and (b) Υ(1S ) as a function of centre-of-momentum energy in the CSM at LO
and NLO for various choices of the mass and scales compared with the existing experimental measurements (see [65] for their
selection). Taken from [65].
curves display the default scale choices (µR = µF = 2mQ) with different heavy-quark-mass values. From
them, one sees that the mass uncertainty is on the order of a factor of 2 for the J/ψ and 1.6 for the Υ. Such
uncertainties are admittedly large but are probably correlated between observables.
In the J/ψ case, all 3 red curves end up to be negative somewhere between 500 GeV and 2 TeV. Note
also that with the lowest mass, mc = 1.4 GeV, which is however the upper curve at low energies, it is the first
to become negative. In the Υ case, these 3 curves remain positive at high energies. They nevertheless start
to significantly deviate from the LO curves (3 blue curves) above 1 TeV, contrary to the aforementioned
good LO vs NLO convergence found at RHIC energies in [63]. One might thus be tempted to identify this
weird energy behaviour to a low-x effect or less emphatically to an effect related to the very low-x behaviour
of the PDFs at small scales.
Such a behaviour was also previously respectively discussed by Schüler [46] and Mangano [314] in the
case of ηc (see below) and C=+1 CO production. Similar negative cross sections have been observed at
NNLO in the hadroproduction of cc pair (see Fig. 17 of [315]). It indeed seems to be connected with the
behaviour of the PDFs at small scales. If it is the case, one could be entitled to impose during the fitting
of the PDFs that such cross sections be positive definite. It remains to be seen if doing so their energy
dependence would become more natural and whether the NLO CSM cross section would agree with the
data at Tevatron and LHC energies.
In [204], it was argued28 that some NNLO corrections are kinematically enhanced at large energies (low
x). It is not clear if they could provide a solution to this issue. Another possible explanation might be the
importance of initial-state radiations (ISR), which should resummed as done in the CEM [317] and for some
CO channels [318]. It is however not clear if the conventional resummation methods can be applied to the
present case with a non-diverging Born-order amplitude squared at PT = 0.
In this context, one can advance the conclusion that the NLO CSM results available in the literature
may be reliable for Υ up to 200 GeV and for J/ψ up to 60 GeV. This corresponds to
√
s about 20 times the
quarkonium mass. At higher energies, NLO results are not trustworthy and the Born order results remain
the best we have at hand. It also clear that further investigations are needed to trace back the source of this
28 see however some comments by the same authors in [316].
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problem. As such, analogies with the pseudoscalar are insightful.
As opposed to the spin-triplet vector case, analytical formulae [82, 87] exist for the partonic-scattering
amplitude for the spin-singlet pseudoscalar production cross section such as that of ηc and ηb. This can be
helpful to understand the weird energy behaviour of the CS 3S 1 yield which we have just discussed (see
also [46]). Indeed, the LO production occurs without final-state-gluon radiation and is easier to deal with.
In fact, this process is the first for which inclusive hadroproduction NLO cross sections were obtained as
early as in 1992 [82].
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Figure 21: The cross section for direct (a) ηc and (b) ηb as a function of centre-of-momentum energy in the CSM at LO and NLO
for various choice of the mass and scales.Taken from [65].
In fact, as can be seen on Figs. 21, the situation is in many respects similar. To go further, one can
look at the different NLO contributions (the real emissions from gg and qg fusion as well as the virtual
(loop) contributions) in order to see which channels generate the largest negative contributions and for
which scale/mass values. We must stress here that the decomposition between these different (real vs.
virtual) contributions depends on the regularisation method used. As a case in point, the decomposition
is drastically different when using FDC [272, 319] –with sometimes a very large cancellation between the
positive real-emission gg contribution and the negative sum of the Born and loop gg contributions – and the
formulae of [82, 87] –where all the gg contributions are grouped. Let us note that both methods give the
same results which rules out the possibility for numerical instabilities.
As what concerns the qg contribution, its sign is uniquely determined by µF/mQ. For µF close to mQ
and below, it will be positive (negative) at small (large)
√
s. For µF larger than mQ, it remains negative for
any
√
s. The value of µR is only relevant for the normalisation.
As for gg contributions, supposed to be dominant at high energies, both µF/mQ and µR/µF matter for
the sign of its contribution. For µF ' mQ, it monotonously increases as function √s irrespective of µR/µF .
For µF ' 2mQ, the gg contribution gets negative at large √s for µR ≤ µF . For µR > µF , it remains always
positive. Yet the sum gg + gq can still become negative since, in some cases, gq increases faster with
√
s.
However, for µF & mQ, the gq yield is rather small and, even though it is negative, it does not affect the
increase of the cross section.
Looking at the analytical results [87], both contributions indeed exhibit logarithms of µF/mQ multiplied
by a factor function of mQ/sˆ which induces this intricate behaviour. This issue is still an open one and may
indeed be related to the PDF behaviour at low scales and thus may not be specific to quarkonium production.
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Looking for analogies with TMD factorisation may help us understand its origin [320].
In the case of double J/ψ production, the energy dependence at one loop seems well-behaved [261].
However there is no existing public code allowing one for more extensive studies of the scale dependence
and the natural scale is rather on the order of 6 GeV than 3 GeV. As we will discuss later (see section 3.3.1),
Q+Z hadroproduction is also known at NLO and its cross section can be evaluated down to zero PT . At low
PT , the K factor is indeed smaller than unity but the scale is likely too large to exhibit a similar behaviour.
Another path towards a solution may also be higher-twist contributions [205] where two gluons come from
a single proton as recently re-discussed in [206]. Whatever the explanation is, understanding the mechanism
of low-PT -quarkonium production remains absolutely essential for heavy-ion and spin studies.
2.3. Recent developments in the COM-NRQCD phenomenology
2.3.1. ψ and Υ hadroproduction at finite PT
One year after the first NLO CS computation of the PT -differential cross section, Gong and Wang per-
formed [99] the first –partial– NLO COM-based study focusing only on the S -wave-octet states, 3S [8]1 and
1S [8]0 . We know now that leaving aside the
3P[8]J contributions is likely not a good approximation –except
under the complete dominance of the 1S [8]0 channel which we discuss later.
Between 2010 and 2012, the progress towards complete NLO hadroproduction studies including the 3
leading CO transitions, the effect of the FD and the polarisation information were steady. One can even
add the list of computations regarding γp and e+e− collisions [66, 281, 103, 282, 91, 90, 67] since they add
precise experimental constraints on some CO LDMEs as we shall see later in dedicated sections. Let us
recall that these LDMEs cannot be computed from first principle –on the lattice for instance– and remain to
be fixed from the data.
To summarise, 3 groups (Hamburg, IHEP and PKU) carried out these NLO studies in parallel. Whereas
their analyses rely on the same hard-scattering results29, their studies differ in the way the experimental
data are considered (PT cut, whether or not other colliding systems are considered and which observables
are considered: yield, polarisation, FD, other quarkonia related by symmetries) and, most importantly, their
conclusions differ both qualitatively and quantitatively
It would be too tedious to go through all the aspects of such NLO studies. We will thus limit to explain
what is particular to the NLO corrections and how characteristic trends –like a specific high-PT or low-PT
behaviour or a specific polarisation– can be achieved.
LO COM phenomenology. Before addressing this, let us perform a brief reminder of what happens at
LO. If one focuses on the discussion of the PT -differential cross section, the LO contributions for the 3
leading CO states are at α3s . Their topologies are however driven by their quantum number –not any more
by that of the observed quarkonium like in the CSM. In particular, the graphs where a single gluon connects
to the heavy-quark line only contribute to 3S [8]1 states. This means that the graph of Fig. 22c, with an
expected P−4T scaling, does not couple to the
3P[8]J and
1S [8]0 channels. As such, both channels contribute at
LO at best with a P−6T scaling through the topologies of Fig. 22b akin to the NLO CS ones of Fig. 5c.
These well known PT -scaling properties are at the basis of all the LO COM analyses, starting from
the seminal studies [321, 322] of Cho and Leibovich in 1995 who noted that the COM contributions can
be split in two classes in order to carry out the fit to the data. In particular, the experimental data on the
29 A public code even exists to perform such computations for the hadroproduction case, FDCHQHP by Wan and Wang [319].
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Figure 22: Representative diagrams contributing in the COM (a-c) at Born order to i + j → Q+jet and (d-h) at one loop to
i + j→ Q+jet. “jet" here refers to the unobserved parton which recoils on the Q in order to provide its PT .
PT -differential cross section of the ψ and Υ cannot discriminate between the
3P[8]J and
1S [8]0 contributions.
These were then fit through the combination M0,r0 = 〈O(1S [8]0 )〉 + (r0/m2c)〈O(3P[8]0 )〉.
Another well-known consequence of these different scalings is that the 3S [8]1 transition is expected to be
dominant as soon as PT is getting significantly larger than MQ. By virtue of Heavy-Quark-Spin Symmetry
(HQSS) –a fundamental symmetry of NRQCD–, Cho and Wise anticipated [323] in 1994 that, when the
gluon fragmenting in the 3S [8]1 pair is so energetic that it essentially becomes on-shell, it can only fragment
into a transversally polarised Q (in the helicity frame). For a long time, the observation (or not) of a
transversally polarised J/ψ (and ψ(2S )) yield was considered to be a smoking gun signal of the COM,
which motivated studies at larger and larger PT . Just before the LHC start-up, the first tangible observations
against such LO COM predictions came from the latest CDF ψ(2S ) data [251] which were later confirmed
by LHCb ones [271]. As discussed before along the CS polarisation results, in fact, no measurement
indicates a marked transversally polarised yield of J/ψ and Υ(nS ). The ψ(2S ) data are however easier to
interpret since they are FD free.
To end the discussion of the LO results, let us add that the COM fits [322, 324, 325] yield to a P−4T
scaling at high PT and to a P−6T scaling at lower PT and this seems compatible with the Tevatron data up to
20 GeV. We guide the reader to [326] for one of the few LO fits using LHC data.
NLO COM phenomenology. The 1S [8]0 case is in fact nearly identical to that of the NLO CS corrections
to the ηc PT -differential cross section previously discussed. The gluon fragmentation in this case indeed
goes along with a gluon emission from the heavy-quark line (Fig. 22e) which softens its PT spectrum, but
remains harder than P−6T . It is also important to note that
1S [8]0 transitions produce unpolarised Q by virtue
of HQSS.
At NLO, the 3P[8]J pairs can also be produced by gluon fragmentation as shown on Fig. 22e. The P-wave
case is however particular since it comes along with a differentiation of the amplitude. As such, the IR
divergences of these real emissions are no more systematically cancelled by that of the loop contributions
(e.g. Fig. 22g). The remaining IR divergences are in fact cancelled by soft divergences associated with the
running of the 3S [8]1 LDME.
Indeed, just as the PDF evolution satisfies an evolution equation involving the (factorisation) scale, µF ,
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the LDMEs also evolve as a function of the NRQCD scale µΛ and this evolution comes along with IR
divergences which are, for the 3S [8]1 states, those cancelling those of the
3P[8]J transitions. We refer to the
seminal work of Petrelli et al. [87] in 1997 for details.
In this context, it is therefore natural to find out that the normalisation of the P−4T behaviour is no more
only driven by the 3S [8]1 but also by the
3P[8]J transition whose K factor is thus getting large at larger PT .
The first studies which took this effect into account appeared in 2010 [327, 328, 264]. It was noted by Ma
et al. (PKU) that, for the J/ψ and ψ′ cases, the PT dependence of the yield was sensitive to another linear
combination of LDMEs, M1,r1 = 〈O(3S [8]1 )〉 + (r1/m2c)〈O(3P[8]0 )〉, in addition to M0,r0 . They also noted that
the J/ψ data could be fit with M0,r0  M1,r1 which can be realised either by a cancellation between the 3P[8]J
and 3S [8]1 LDMEs within M1,r1 or by setting both these LDMEs to small values. The latter option would
in turn mean that the yield would essentially be dominated by the 1S [8]0 transition, thus also possibly in
agreement with the polarisation data. We stress that since r1 is found to be negative in the kinematic domain
where the data were fit, the cancellation can be realised with both LDMEs 3P[8]J and
3S [8]1 being positive.
This is in fact in line with the fact that the PT -differential data tend to be compatible with a scaling
slightly softer than P−4T but harder than P
−6
T as we noted with the comparison to the NLO CS computations.
Such a behaviour is indeed similar to what one would expect from the 1S [8]0 fragmentation contributions.
Such an idea of a large 1S [8]0 LDMEs was pushed further by Bodwin et al. [105] and Faccioli et al. [106].
In the J/ψ case, the global analysis of Butenschön and Kniehl (Hamburg) however showed [328, 311] that
this would drastically contradict the B-factories e+e− and HERA γp data, whose NRQCD studies were also
then promoted up to NLO accuracy [66, 281, 103, 282, 91, 90, 67] with stringent constraints on 1S [8]0 and
3P[8]J [68]. It would also yield to predictions badly overshooting the low- and mid-PT hadroproduction data.
We will come back these aspects in the next sections.
Anticipating the discussion of the χQ, the PKU group also performed in 2010 the first NLO study [104]
of χc production which allowed them to fully account for the FD effects [264] in the J/ψ case –the ψ(2S )
case was of course also accounted for. They obtained
MJ/ψ0,r0 = 7.4 ± 1.9 (theo.) ± 0.4 (fit) 10−2 GeV2 and M
J/ψ
1,r1
= 0.05 ± 0.02 (theo.) ± 0.02 (fit) 10−2 GeV2.
(11)
whereas the global Hamburg fit (after an approximate FD subtraction) was yielding values on the order the
MJ/ψ0,r0 ' 1.5 × 10−2 GeV2 and M
J/ψ
1,r1
' 0.4 × 10−2 GeV2 (12)
notably with a negative value for 3P[8]J (see Tab. 6a) which solves the excess of the NRQCD predictions
in the z → 1 limit in γp production (see section 2.3.2). Note however that the Hamburg fit results in a
significant impact of the P−4T component, via M1,r1 , which tends to overshoot the LHC data at large PT
–much larger PT than the Tevatron ones. A possible solution for this excess may be the need to resum the
logarithms of PT/mQ but it is not shared by the other groups.
NLO studies of the ψ polarisation appeared in 201230 by the Hamburg [100], PKU [102, 329] and
IHEP [101] groups with different interpretations, though. Whereas the Hamburg and IHEP fit results exhibit
increasingly transverse ψ yields which departs from the polarisation data for increasing PT , the PKU group
performed a fit of the Tevatron polarisation data and obtained a yield quasi unpolarised, still with M0,r0 
30 A first partial polarisation study had been done in 2008 by the IHEP group with the sole consideration of the CO S -wave
states [99].
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M1,r1 . Let us also note that the transverse component of the yield is almost proportional to another linear
combination M1,r′1 = 〈O(
3S [8]1 )〉+ (r′1/m2c)〈O(3P[8]J )〉 with r′1 very close to r1 (both negative) –which explains
that the polarisation is less discriminant than initially thought. If 3P[8]J is negative, one thus necessarily
generates transverse polarised J/ψ, hence the Hamburg fit conclusion. When 〈O(1S [8]0 )〉 is chosen to be its
maximal value, the yield is unpolarised; when 〈O(1S [8]0 )〉 vanishes, λθ increases from -0.25 at PT ' 5 GeV
to 0 at PT > 15 GeV at the Tevatron.
The LHC measurements which came afterwards (see [41]) just reinforced these observations as what
regards the trend of the PT -differential cross section and of the polarisation. The cross sections can mostly be
described by a global fit of the world J/ψ data (Hamburg fit) which is however in dramatic contradiction with
the unpolarised character of the hadroproduced yield –if not slightly longitudinal for the J/ψ. If one wishes
to reproduce the polarisation data, one is required to drop some cross-section measurements from the fits.
Moreover, such a global approach is further challenged by ηc data which we discuss in section 2.3.5. A new
fit by the IHEP people by Zhang et al. [233] was carried out using these constraints and illustrates how the
picture changes with very different LDMEs, in particular a much smaller 〈O(1S [8]0 )〉 –still compatible [231]
with the allowed PKU-fit range. We will discuss later why.
So far, we only discussed the aspects of the polarisation related to the polar anisotropy and λθ. In 2018,
the IHEP group performed [330] the first NLO computation of λθφ. They restated on the way that by virtue
of P-party invariance λθφ should vanish in symmetric rapidity intervals – a feature which could be used to
improve experimental analyses. They also updated their previous LDME determination with a joint fit of
the yield and the 3 polarisation parameters. The resulting LDMEs are drastically different than those of
their first fit [101]. For instance they are now all positive (this has implication e.g. for associated production
with a photon, see section 3.3.3) but are not compatible with ηc data. Tab. 6a displays the LDME values of
the all aforementioned fits.
As what concerns the ψ(2S ), 2 NLO studies exists by the IHEP [101] and PKU [331] groups. In fact,
they were also carried out to feed in the prompt J/ψ fits. Tab. 6b gathers the corresponding LDME values.
Two sets have been released by the PKU group with different PT cuts. Whereas M0 are similar, M1 are
very different. The PKU fit with the larger PT,min. cut, with a very small M0, shows the best account of the
polarisation data, which however is far from being perfect in particular for the CDF [270] and LHCb [271]
data. Let us also mention that Sun and Zhang [332] proposed a new modus operandi to fit the J/ψ and ψ(2S )
yield and polarisation. They indeed proposed to first determine, from the polarisation data, the LDME ratio
〈O(1S [8]0 )〉/〈O(3P[8]0 )〉 and the fix 〈O(3S [8]1 )〉 from the yields. Doing so, they could achieve a reasonable
description of both the yields and polarisations at central rapidities. The CDF polarisation data however
cannot be described.
As for the Υ, the situation is less clear-cut because of the more intricate FD pattern and less precise data.
3 complete fits exist, those of the IHEP group [242, 244] and that of the PKU group [243]. These fits result
in slightly transversely polarised Υ(nS ), which tends to agree with the CMS data [333]. The fits are made
with a PΥT,min. cut of respectively 8 and 15 GeV. The corresponding LDMEs are collected in Tab. 7 .
Overall, the trend of the LHC data (in the region which is fit) seems to be reproduced, but not that of
the Tevatron CDF polarisation data [334]. Besides, a quick look at the corresponding PT -differential cross
sections displayed in the papers reveals that the predicted cross sections overshoot the data at low PT by
factors as large as 5 at e.g. PT ' 5 GeV. NRQCD factorisation may indeed not applicable in this region
which would explain why fixed-order COM computations cannot reproduce such data. However, no solid
argument to explain such a large necessary reduction of these predicted differential yields at low PT has
so far been proposed. Yet, as we have seen in section 2.2.1, the sole NLO CS contributions do reproduce
them down to PT = 0 –and thus the total amount of produced Υ. The possible inapplicability of collinear
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PJ/ψT,min.
[GeV]
〈O(3S [1]1 )〉
[GeV3]
〈O(1S [8]0 )〉
[10−2 GeV3]
〈O(3P[8]0 )〉/m2c
[10−3 GeV3]
〈O(3S [8]1 )〉
[10−3 GeV3]
M0,r0
[10−2 GeV3]
M1,r1
[10−2 GeV3]
BK
[311] 3 1.32 3.04 ± 0.35 −4.04 ± 0.72 1.68 ± 0.46 1.46 0.39
IHEP
[101] 7 1.16 9.7 ± 0.9 −9.5 ± 2.5 −4.6 ± 1.3 13 0.07
IHEP
[233] 7 0.65 ± 0.41 0.78 ± 0.34 17 ± 5 10 ± 3 7.4 0.05
IHEP
[330] 7 1.16 5.66 ± 0.47 3.42 ± 1.02 1.77 ± 0.58 7 -0.015
PKU
[331]
7 1.16
7.4 0 0.5
7.4 ± 1.9 0.05 ± 0.02
0 18.9 11.1
(a) J/ψ
Pψ(2S )T,min.
[GeV]
〈O(3S [1]1 )〉
[GeV3]
〈O(1S [8]0 )〉
[10−2 GeV3]
〈O(3P[8]0 )〉/m2b
[10−3 GeV3]
〈O(3S [8]1 )〉
[10−3 GeV3]
M0,r0
[10−2 GeV3]
M1,r1
[10−2 GeV3]
PKU
[331]
7 0.76
2 0 1.2
2.0 ± 0.6 0.12 ± 0.03
0 5.1 4.1
PKU
[331]
11 0.76
3.8 0 0.6
3.82 ± 0.78 0.059 ± 0.029
0 9.8 6.1
IHEP
[101] 7 0.76 −0.01 ± 0.87 4.2 ± 2.4 3.4 ± 1.2 1.6 1.1
(b) ψ(2S )
Table 6: Selection of J/ψ and ψ(2S ) LDMEs from NLO fits using Tevatron (and LHC) data. Numbers in italic are derived from
Mi,ri (PKU) or from 〈O〉 (IHEP) with r0 = 3.9 and r1 = −0.56. It is important to note that the 〈O〉 values derived from Mi,r are
boundary values. Any triplet of 〈O〉 resulting in the quoted values of Mi,ri for the IHEP fit are equally good. PQT,min. indicates the
minimum PT of the fit data. The CS LDMEs are not fit.
factorisation in this region is thus maybe a little too expediently invoked. In addition, let us stress that all the
problematic data for the ψ case do not exist (e+e− and γp). PT -integrated cross sections will be discussed
in section 2.3.7.
2.3.2. ψ photoproduction
The phenomenology of the COM in J/ψ photoproduction started as early as in 1996. Cacciari and
Krämer [335], Ko et al. [336] and then Amundson et al. [337] performed the first studies of the impact
of the COM in these reactions and compared their evaluations to preliminary HERA data31. At the time,
31 See [279] for the first published data.
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PΥT,min.
[GeV]
〈O(3S [1]1 )〉
[GeV3]
〈O(1S [8]0 )〉
[10−2 GeV3]
〈O(3P[8]0 )〉/m2b
[10−2 GeV3]
〈O(3S [8]1 )〉
[10−2 GeV3]
M0,r0
[10−2 GeV3]
M1,r1
[10−2 GeV3]
PKU
[243]
15 9.28
13.7 0 1.17
13.70 ± 1.11 1.17 ± 0.02
0 3.61 3.04
IHEP
[244] 8 9.28 11.6 ± 2.61 −0.49 ± 0.59 0.47 ± 0.41 9.74 0.72
(a) Υ(1S )
PΥT,min.
[GeV]
〈O(3S [1]1 )〉
[GeV3]
〈O(1S [8]0 )〉
[GeV3]
〈O(3P[8]0 )〉/m2b
[10−2 GeV3]
〈O(3S [8]1 )〉
[10−2 GeV3]
M0,r0
[10−2 GeV3]
M1,r1
[10−2 GeV3]
PKU
[243]
15 4.63
6.07 0 1.08
6.07 ± 1.08 1.08 ± 0.20
0 1.6 1.91
IHEP
[244] 8 4.63 −0.53 ± 2.31 0.28 ± 0.52 2.94 ± 0.4 0.47 2.79
(b) Υ(2S )
PΥT,min.
[GeV]
〈O(3S [1]1 )〉
[GeV3]
〈O(1S [8]0 )〉
[10−2 GeV3]
〈O(3P[8]0 )〉/m2b
[10−2 GeV3]
〈O(3S [8]1 )〉
[10−2 GeV3]
M0,r0
[10−2 GeV3]
M1,r1
[10−2 GeV3]
PKU
[243]
15 3.54
2.83 0 0.83
2.83 ± 0.07 0.83 ± 0.02
0 0.74 1.21
IHEP
[244]
8 3.54 −0.18 ± 1.4 −0.01±0.30 1.52 ± 0.33 -0.22 1.53
(c) Υ(3S )
Table 7: Selection of Υ(nS ) LDMEs from 2 NLO fits using LHC and Tevatron data. Numbers in italic are derived from Mi,ri (PKU)
or from 〈O〉 (IHEP) with r0 = 3.8 and r1 = −0.52. It is important to note that the 〈O〉 values derived from Mi,r are boundary values.
Any triplet of 〈O〉 resulting in the quoted values of Mi,ri for the IHEP fit are equally good. For the IHEP fit, we have chosen to
quote only the values for which the FD treatment is similar to that of the PKU fit. PΥT,min. indicates the minimum PT of the fit data.
The CS LDMEs are not fit [243, 244].
Cho and Leibovich had made [321, 322] a first determination of the 3 leading CO LDMEs (see above) at LO
in αS using the Tevatron data. These were used to perform predictions for photoproduction in 2 regimes.
The first is that of forward J/ψ production where the inelasticity z is close to unity and the J/ψ PT
is very small. In this kinematical region, the inclusive production is expected to be dominated by the LO
ααS COM contributions –typical LO graphs are shown on Fig. 23. The corresponding cross section is then
found to be proportional to MJ/ψ0,7 . In the 3 aforementioned studies, it was noted that the existing HERA
measurements were significantly below the CO predictions using the CO LDMEs from the hadroproduction
fit. Some important caveats were however noted. In this region, large diffractive contributions can indeed
be present. Yet, subtracting them would increase the discrepancy. In addition, because of nonperturbative
emissions during the hadronisation of the CO pairs, the average z, 〈z〉, for these processes may rather be
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1 − O(v2) than 1 and thus may affect the z dependence away from 1.
The second regime is that of the production of J/ψ at finite PT –in practice PT > 1 GeV– and for z > 0.3
while excluding the high-z region. In this region, the direct-photon contributions should be dominant.
Typical LO αα2S COM graphs contributing to this region are shown on Fig. 23. Like in the first regime, the
CO predictions using the CO LDMEs from the hadroproduction fit were found [335, 336] to be significantly
above the data.
The objective of this section is to report on the evolution of our understanding of this apparent break-
down of the NRQCD LDME universality between photoproduction and hadroproduction, and in particular
the impact the NLO corrections computed in the 2010’s.
1S [8]0 &
3P[8]J
(a)
3S [8]1
(b)
1S [8]0 &
3P[8]J
(c)
3S [8]1
(d)
Figure 23: Representative diagrams contributing to 3S 1 direct photoproduction via CO channels at orders ααS (a), αα2S (b,c), αα
3
S
(d). The quark and antiquark attached to the ellipsis are taken as on-shell and their relative velocity v is set to zero.
PT -differential cross section. Let us start with the discussion of what we referred above to as the second
regime since it is the one for which pQCD and NRQCD should apply better. In addition, let us focus on the
description of the PT -differential cross section for which NLO CS computations are available since 1995.
As we discussed in section 2.2.3, when these are accounted for, the HERA data and the CS predictions
are in the same ballpark, despite some observed deviations. In this context, a significant CO contribution
could easily generate the excess which was observed as early as in 1996. Following the aforementioned
analyses, other LO ones appeared and we guide the reader to the following reviews [45, 338] where these are
discussed. Polarisation observables were subsequently predicted [283]. By analogy with hadroproduction,
CO fragmentation channels were studied [277, 339, 278] but were shown to be relevant only for PT >
10 GeV, thus outside the region covered by the HERA data. Until the advent of NLO analyses including
the CO contributions, the situation could well be summarised by Fig. 24a where both LO CS and CO
contributions are added together in the blue band. The agreement seems to be quite good32. However, the
CO LDMEs used –more precisely MJ/ψ0,3.5 following the notation introduced in the previous section– for this
plot are 5 to 15 times smaller [236] than those obtained from the Tevatron hadroproduction fits33 [45]. One
further notes two additional trends: the blue band tends to overshoot the data at low PT and to move further
up at larger z, which is not surprising since the LO ααS COM contributions lie at 〈z〉 ' 1. We will come
back to this when discussing the z dependence.
In 2009, Butenschön and Kniehl performed the first complete photoproduction analysis of the COM
contributions at NLO, including for the first time the contribution from the 3P[8]J states to any NLO 2 → 2
NRQCD computations [103]. This allowed them to perform in 2010 a first global fit [328] of photo- and
hadroproduction data. Fig. 24b shows the various contributions to photoproduction of the 3 leading CO
32 bearing in mind that the CS NLO is also close to the data and is not shown here.
33 except if parton shower effects in hadroproduction are accounted for, which results in LDMEs 10 times smaller than those
obtained via collinear factorisation. See also [340].
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Figure 24: P2T -differential cross section for γp→ J/ψX as measured (a) by H1 at HERA1 for 120 < Wγp < 240 GeV for 2 z ranges
(left & right) compared to LO CS and CS+CO computations along the lines of [45] with 0.4 × 10−2 < MJ/ψ0,3.5 < 1.2 × 10−2; (b) by
H1 HERA1 & 2 compared to NLO CS & CO channel contributions using the central value of NLO globally fit LDMEs [328] (no
theory uncertainties are shown). Adapted (a) from [236] and (b) from [328].
states fit to reproduce both HERA and Tevatron data. What appeared to be impossible at LO, namely to
account for both hadro- and photoproduction data with the same LDMEs, became possible at NLO.
The reason why this is so lies in the subtle interplay between the 3P[8]J and
3S [8]1 contributions. As we
discussed in the previous section, these interfere and a NLO fit benefits a much wider parameter space to
describe the hadroproduction data. In particular, the data allow for negative 〈O(3P[8]0 )〉 yielding a rather
small value for M0,r0 and a fair description of the low PT pp and γp data.
There is however a triple price for this. First, at large PT , both
3S [8]1 and
3P[8]J dominate hadroproduction.
The resulting large-PT spectrum is thus harder (∝ P−4T ) than the data and one needs to invoke the resum-
mation of log(PT ) to justify such a discrepancy. Second, the hadroproduction yield increasingly becomes
transversely polarised at large PT at variance with the Tevatron and LHC data. The
3S [8]1 is transversely
polarised and the 3P[8]J one is longitudinal but comes with a negative weight at large PT . Third, the ηc data
cannot be reproduced [232] since 1S [8]0 is too large (see section 2.3.5). In other words, a “global” fit can
only be realised at the cost of dropping some hadroproduction data, namely those on the polarisation and
the ηc and, to a lesser extent, the large PT data. Yet, one can then obtain a good description of low PT
and PT -integrated hadroproduction and photoproduction data as well as to some extent the e+e− data (see
section 2.3.3). The PKU and IHEP fits simply cannot account for these data.
We note that none of these studies explicitly took into account the complexity of the FD effects. FD
from excited states are not expected to qualitatively change these conclusions. However, there remains a
big question mark with regards a possible dominant non-prompt contribution at the largest PT hinted by the
H1 simulations (see section 2.1). Even though corresponding data will probably never be available, a fresh
phenomenological look at this issue may be expedient.
z-differential cross section. As we wrote in the introduction of this section, forward J/ψ photoproduction
(z→ 1) has been the object of several theoretical works in the mid 1990’s. At the time, this was believed to
be a clean probe of the COM as its LO contribution should lie at z = 1. As we wrote above, data were found
to be smaller than the NRQCD expectations based on early Tevatron LDME fits [321, 322]. The community
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started to wonder about the reliability of NRQCD computations in this region since its velocity expansion
would eventually break down there [341]. Yet, NLO αα2S corrections at the end point were computed by
Petrelli et al. in 1997 [88]. The study of the resummation of large logarithm of 1 − z was carried out by
Fleming et al. [342] in 2006 which relies on the introduction of a shape function which is supposed to be the
same than in e+e− collisions where similar end-point divergences occur (see section 2.3.3). They showed
that such a resummation can significantly affect the z distribution at large z but that the (LO) LDMEs needed
to describe the data remained one order of magnitude smaller that those fit (at LO) to the Tevatron data.
Nevertheless, the study of the z-dependence of the yield of photoproduced J/ψ remained an object of
attention in particular when a PT cut was imposed on the data to make sure that the diffractive contribution
could safely be neglected. Based on LO considerations, it was generally admitted that dσ/dz should signif-
icantly increase with z if the COM was to be dominant. Fig. 25a shows a comparison between the first pub-
lished H1 data [279] and predictions by Cacciari and Krämer with 〈O(1S [8]0 )〉 = 〈O(3P[8]0 )〉/m2c = 10−2 GeV2
(thus M3.5,r0 = 4.5 × 10−2 GeV2) [335] along with the NLO CS computation also by Krämer [81].
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Figure 25: z-differential cross section for γp→ J/ψX as measured by (a) H1 at HERA1 [279] for 30 < Wγp < 150 GeV compared
to NLO CS and LO CO computations with MJ/ψ0,3.5 = 4.5 × 10−2 GeV2 [See [81, 335] for details on the theory curves], by (b) ZEUS
at HERA1 compared to NLO CS & CO channel contributions using NLO globally fit LDMEs [328]. The plots also show the
contributions of the resolved-photon contributions. Adapted (a) from [279] and (b) from [275].
Butenschön and Kniehl also considered the z-dependence in their global NLO analysis [328]. Like for
the PT -differential cross section, a good agreement is obtained as compared to the LO situation with the total
NLO NRQCD cross section shown by solid line and yellow band of Fig. 25b lying very near the data. The
reason for the absence of a peak above 0.7 is due to the cancellation between the 1S [8]0 and
3P[8]J contributions
owing to the negative value of the 3P[8]0 LDME. This good agreement also de facto comes along with severe
issues in hadroproduction, i.e. wrong polarisation predictions, the impossibility to account for the ηc data
and some difficulties to account for data at the large PT accessed at the LHC, and again issues in e+e−
annihilation. We will come back to these later. As above, the PKU and IHEP fits simply cannot account for
these data.
Polarisation. In 2012, Butenschön and Kniehl advanced further the idea of a global NRQCD NLO anal-
ysis by computing the QCD corrections to the yield polarisation of photoproduced J/ψ. Two of their plots
are shown on Fig. 26. It is not clear owing to the uncertainties on both in the theory and the data whether the
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inclusion of CO improves or not the agreement with the HERA polarisation data. More precise data from
an EIC would be highly desirable.
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Figure 26: PT -differential polarisation parameters for photoproduced J/ψ predicted by the CSM at LO (dotted line) and NLO (dot-
dashed line and blue band) and by NRQCD at LO (dashed line) and NLO (solid line and yellow band) computed for the kinematics
of the (a) H1 HERA2 [69] and (b) ZEUS HERA1 [284] data and compared to them. Note that the ZEUS data extend up to z = 1
where diffractive events can be dominant. See [285] for the theory parameters used for the curves. Figures adapted from [285].
2.3.3. ψ production in e+e− annihilation
B factories. As early as 1995, Braaten and Chen [343] proposed to look for a CO signal via an excess of
J/ψ production at large momenta, near the end point, in e+e− annihilation. In fact, this expected excess is
akin to that at z → 1 in photoproduction and similar doubts about the applicability of NRQCD in this limit
have also been raised. Yet, a crucial advantage is the absence of a possible diffractive backgrounds contrary
to the photoproduction case.
A first LO NRQCD study was performed by Yuan et al. in 1996 [299] in which the relative contribution
of the CS and CO contributions were compared using the LO CO LDMEs available at the time. Then, a
first attempt to compare with experimental data was done [344]. As we emphasised in section 2.2.5, for
a proper data-theory comparison, it is crucial that the yield associated with additional charm be properly
substracted. This could only be done with good accuracy by Belle in 2009 which found σ(J/ψ + Xnon cc) =
0.43 ± 0.09 ± 0.09 pb. Earlier conclusions based on more inclusive cross sections are likely misleading
because of the large measured difference between σ(J/ψ + X) and σ(J/ψ + Xnon cc). The evaluation which
we discussed here apply to σ(J/ψ + Xnon cc) and σ(J/ψ + cc + X) will be addressed in section 3.4.1 .
As far as the LO CO cross section are concerned at
√
s = 10.6 GeV, it is helpful to quote the computed
48
cross section:
σ(J/ψ + Xnon cc) =
11 〈O(1S [8]0 )〉GeV3 + 18 〈O(
3P[8]0 )〉
GeV5
 pb, (13)
for Mψ = 2mc, m = 1.55 GeV and αS (Mψ) = 0.245. To fix the idea if one takes M
J/ψ
0,3.5 = 4.5 ×
10−2 GeV2 [45] as we did for the LO photoproduction discussion and which is among the lowest found
values from LO hadroproduction studies, one gets [91]
σ(J/ψ + Xnon cc) ' 0.5 pb, (14)
which is already above the Belle experimental measurement. Since the CS yield is on the same order,
the addition of the CO generate a clear excess over the data. In addition, the predicted enhancement at
the end-point is clearly absent in the data. However, it was shown in 2003 by Fleming et al. that the
resummation of large log(E − Emax) with SCET [345] could explain the momentum distribution of the data
with the introduction of a so-called shape function which should however be universal and thus similar than
in photoproduction.
In this context, the first NLO COM study was performed in 2009 by Zhang et al. [91] who found, for
the same parameters as above :
σ(J/ψ + Xnon cc) =
21 〈O(1S [8]0 )〉GeV3 + 35 〈O(
3P[8]0 )〉
GeV5
 pb. (15)
For a detailed discussion of the scale dependence, see [91]. The K factors are thus close to 2 and the
resulting cross section using similar LDMEs would increase to reach about 1 pb, thus more than twice
larger than the Belle measurement even without including the CS contributions. This lead Zhang et al. to
derive an upper limit on the CO LDMEs as :
MJ/ψ0,4.0 < (2.0 ± 0.6) × 10−2 GeV2. (16)
It should however be clear that this bound was derived by assuming a vanishing contribution of the CS yield,
whereas the latter already saturates the Belle measurement. Instead, we suggest the following upper limit
MJ/ψ0,4.0 < 5 × 10−3 GeV2 (17)
assuming the CS NLO cross section with v2 relativistic corrections and QED ISR effects34 to be 0.65 ±
0.2 pb [66, 67, 68, 306, 307] and taking the 1-σ range for the CSM value and the data. It is 3.7 times lower35
than the bound quoted by Zhang et al.. We find it more fair since we are not aware of any justification to set
the CS contribution to zero.
Clearly, the Hamburg fit (with the FD subtracted) with 〈O(1S [8]0 )〉 = (3.04 ± 0.35) × 10−2 GeV3 and
〈O(3P[8]0 )〉 = (−9.08 ± 1.61) × 10−3 GeV3, thus MJ/ψ0,4.0 = (1.43 ± 0.64) × 10−2 GeV3, despite of being 5
times smaller than that of the PKU fit, does not comply with the latter bound. It barely complies with that
34 So far, such ISR effects have not been studied for the CO contributions. Here, we made the hypothesis that they were small.
Should the associated correction factor be larger than unity, the upper bound on MJ/ψ0,4.0 would be tighter.
35 2.8 if one consider the uncertainty in Fig. 16.
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of Zhang et al.. Indeed, in their study, Butenschön and Kniehl ignored [311] both the effect of the NLO and
relativistic corrections and therefore considered a CS yield whose central value was barely 0.25 pb.
Although inclusive ψ(2S ) production in e+e− annhiliation was studied by Belle in 2002 [93], the ψ(2S )+
Xnon cc yield could not be measured. Since PT -differential ψ(2S ) photoproduction measurements also do not
exist, global fits are currently impossible. In this context, a possible future measurement of ψ(2S ) + Xnon cc
production by Belle-II [346] would be extremely instructive and would certainly allow one to derive tight
constraints on the ψ(2S ) LDMEs.
γγ scatterings at LEP. As discussed in section 2.2.5, inclusive J/ψ production at LEP in γγ scatterings
was only measured by DELPHI [86] at low PT , with a very small number of events and the PT -differential
measurement was not normalised. Whereas, based on this data sample confronted to a LO NRQCD analysis,
Klasen et al. claimed [85] in 2002 evidence for COM, the corresponding NLO analysis using the LDME
globally fit by Butenschön and Kniehl predicts [311] cross sections several times below the DELPHI data.
This comes from a cancellation between the 1S [8]0 and
3P[8]J contributions owing to the negative value of
〈O(3P[8]0 )〉 obtained from the global fit. We recall that such a negative value is necessary to obtain a good
description of the low-PT hadroproduction data and to damp down the peak at large z in photoproduction.
However, it yields [347] negative cross sections for J/ψ + γ at large PT (see section 3.3.3)
2.3.4. ψ leptoproduction
Leptoproduction is probably the last system for which inclusive quarkonium production has not yet been
evaluated at NLO within NRQCD. A couple of LO NRQCD studies have been carried out in the past [348,
295, 296]. Sun and Zhang performed an up-to-date LO analysis [290] in 2017 emphasising potential issues
in the definition of the correct hadronic tensor when cuts are imposed. They performed their LO analysis
using NLO fit LDMEs from the PKU [102], Hamburg [311] and IHEP [233] groups, which may be arguable
in terms of the coherence of the analysis. Yet, one can outline some trends which should be preserved in a
full NLO analysis.
The NRQCD results generally describe better the P?T dependence than the NLO CSM [289] but sys-
tematically overshoot the data at small P?T and increasing z. As expected, the issue is less marked for the
Hamburg fit with the same cancellation between the 1S [8]0 and
3P[8]J channels than for photoproduction. As
for the Q2 and W dependences, the Hamburg fit clearly provides the best description and the PKU one,
the worse. The rapidity dependences (yψ and y?ψ) display similar features as the z distribution with marked
discrepancies for the PKU and IHEP fits at backward (negative) yψ and at the largest (positive) y?ψ . This is
easily understood if one notes that z = ey
?
ψ
√
P?2T + M
2
ψ/W and that the largest y
?
ψ correspond to the largest
z. To go further in the interpretation, a first NLO NRQCD study is clearly awaited for as well as potential
EIC data.
2.3.5. ηc hadroproduction at finite PT and its unexpected impact on the J/ψ phenomenology
Another important piece came in the puzzle in 2014 along with the LHCb ηc production data for PT >
6.5 GeV [107]. Not only, this data set was shown to be nearly perfectly described, at both 7 and 8 TeV, by
the CS NLO computations but it was quickly realised that these ηc data were posing stringent constraints
on the size of the J/ψ LDME 1S [8]0 .
Strangely enough, the relevance of the connection between the J/ψ and the ηc LDMEs –beyond the
obvious CS one with the same value of |R(0)|2 for both spin-triplet and spin-singlet S states– had indeed
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been overlooked since the mid 2000’s. The interest of ηc hadroproduction studies was for instance clearly
stated in [338] written in 2004. If one restricts to the leading CO LDMEs, they read
〈Oηc(3S [8]1 )〉 =〈OJ/ψ(1S [8]0 )〉,
3〈Oηc(1S [8]0 )〉 =〈OJ/ψ(3S [8]1 )〉,
〈Oηc(1P[8]1 )〉 =
3
2J + 1
〈OJ/ψ(3P[8]J )〉,
(18)
up to O(v2) corrections.
Along the same lines as discussed above, explicit NLO (α4s) computations [231, 232, 233] of the short-
distance coefficients in the LHC kinematics show that the sole 1S [1]0 and
3S [8]1 states are relevant to predict the
ηc PT -differential cross section – unless unrealistically large LDMEs are allowed for the other transitions.
The discussion of the results can thus be simplified by only considering these transitions. At NLO, we
have seen that the CS 1S [1]0 contributions saturate the data. The
3S [8]1 contribution will scale like P
−4
T and it
happens that its natural normalisation is not reduced by any unexpected factor. As such, the data are easily
overshot if 〈Oηc(3S [8]1 )〉 is not small. In turn, this constrains 〈OJ/ψ(1S [8]0 )〉. In fact, it severely constrains it.
By fitting the LHCb data –and choosing a CS LDME based on the ηc → γγ branching, i.e. a little lower
than what is expected by HQSS – the Hamburg group reported
〈Oηc(3S [8]1 )〉 = 3.3 ± 2.3 × 10−3 GeV3 (19)
and thus a value of 〈OJ/ψ(1S [8]0 )〉 that is one order of magnitude lower than their extraction 3.0 ± 0.35 ×
10−2 GeV3, and even more when compared to those of the IHEP group 9.7 ± 0.9 × 10−2 GeV3 and of the
Bodwin et al. fit, driven by the 1S [8]0 dominance, 9.9 ± 2.2 × 10−2 GeV3. The PKU group instead derived
[231] a conservative upper limit by neglecting the –however dominant– CS yield and found out
0 < 〈Oηc(3S [8]1 )〉 . 1.5 × 10−2 GeV3 (20)
This constraint further shrunk the uncertainties of their polarisation range without affecting the differential
cross section since M0,r0 and M1,r1 can be left unchanged in most of the relevant kinematical ranges owing
to the small variations of r0 and r1. The effect on the polarisation for central rapidities where r1 ' r′1 is
clear: M1,r′1 ' M1,r1 remains constant but, since
1S [8]0 decreases, the yield becomes slightly more transverse,
still within the original uncertainty band of their pre-ηc fit. At forward rapidities, it has the opposite effect
and the polarisation gets slightly more longitudinal. We note that a very small value of 〈OJ/ψ(1S [8]0 )〉 below
10−3 still remains within their band and is not excluded.
It goes without saying that neglecting the CS yield is a drastic and likely unjustified way to assess the
theoretical uncertainties. Indeed, if one believes that these computations are so unreliable as to disregard
their NLO uncertainties or if one even drops HQSS, the whole NRQCD edifice falls apart, at least as long
as its phenomenology is concerned since HQSS enters not only here, but in polarisation computations as
well as in the fits involving the 3P[8]J states. As such, we believe that a more fair upper value is
〈Oηc(3S [8]1 )〉 . 5 × 10−3 GeV3. (21)
We note on the way that, for 〈OJ/ψ(3P[8]0 )〉 < 0, the resulting constraint on 〈OJ/ψ(1S [8]0 ) is less strong than that
from e+e− data (see Eq. (17)) but becomes stronger otherwise. If 〈OJ/ψ(3P[8]0 )〉 is negligible, both constraints
quasi coincide.
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As a conclusion, a global description of the world J/ψ data is not possible as it cannot describe the
polarisation data36, it is even more dramatic when ηc data are considered. Once believed to be a solution
to describe the sole hadroproduction data –yield and polarisation altogether–, the elegant and –maybe too–
simple solution of the dominance of the 1S [8]0 contributions is completely annihilated by the constraints set
in by the ηc data with 〈OJ/ψ(1S [8]0 )〉 . 5 × 10−3 GeV3.
As for now, similar conclusions cannot be drawn for the ψ(2S ) case even in the absence of FD since
constraints from γp and e+e− data are lacking. In this context, we proposed [108] in 2017 to study ηc(2S )
production which we demonstrated to be feasible very soon at the LHC. Indeed, Figs. 27 show the projected
statistical uncertainties expected using the 3 existing ψ′ NLO fits [331, 101, 349] similar to the J/ψ fits dis-
cussed above. Clearly, the η′c cross section is measurable up to PT = 20 GeV with a competitive precision,
and significantly further in PT if other decay channels can be used as already done [350] for the nonprompt
sample.
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Figure 27: Differential-PT cross section for η′c production times B(η′c → pp) for the 3 ranges of 〈Oη′c (3S [8]1 )〉 (a,b,c) along the
projected statistical uncertainties using the central theoretical values in each cases, with an assumed efficiency of 2% and the
luminosity collected so far by LHCb at
√
s = 13 TeV, 1.5 fb−1. Taken from [108].
2.3.6. χQ production at NLO at finite PT
We have not previously discussed the NLO corrections to χQ in the CSM by itself since it is a well known
fact that IR divergences from NLO soft-gluon emissions arise in the CS contributions because the differ-
entiation of the amplitude owing to the vanishing of the wave function at the origin. NRQCD naturally
cures this issue via the 3S [8]1 transitions whose LDME evolution also goes with IR divergences with an op-
posite sign which cancel the CS P-wave ones. It is in fact the same mechanism as the one involved in the
cancellation of the IR divergences associated with 3P[8]J production at NLO.
However, in the present case, it happens between CO and CS contributions. These mix and the trade
off is essentially driven by the NRQCD scale µΛ on which the final result should not depend. Yet, the
theoretical ratio of the CO vs the CS yield does depend on it. If µΛ was to be artificially taken extremely
small, the CO contributions would become extremely small.
Similarly to the case of the 3P[8]J transition, HQSS also enters the play as it relates the CS LDMEs of the
36 and to some extent the e+e− B-factory and γγ LEP data (see above)
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different χQJ such as
〈OχQJ (3P[1]J )〉 =
(2J + 1)3NC
2pi
|R′P(0)|2. (22)
As what concerns the CO states, the situation is a little simpler as one expects a single leading LDME,
namely 3S [8]1 . At LO, the CS contributions arise via graphs scaling like P
−6
T (Fig. 22b) and the CO ones via
gluon fragmentation (Fig. 22c).
At NLO, the gluon fragmentation followed by CS transitions naturally sets in. As we mentioned above,
Ma et al. performed the first NLO study [104] of χc. They essentially tackled the description of Rχc =
σχc2/σχc1 whose experimental value does not agree with 5/3 which is the expected value from the
3S [8]1
contribution owing to the HQSS prediction dating back to Cho and Leibovich.
At variance with the CO channels, the CS 3P[1]1 contributions show a harder spectrum than the
3P[1]2
ones which gives a handle in describing Rχc via the ratio rnP of the CO and CS LDMEs (defined in the MS
scheme and for µΛ = mc [104])
r1P =
〈O(3S [8]1 )〉
〈O(3P[1]J )〉/m2c
. (23)
They obtained r1P = 0.27 ± 0.06 using the CDF data [351]. Similar values are obtained [352] at mid and
high PT with the LHCb [225] and CMS [226] data. In 2016, Zhang et al. [353] performed an exhaustive
comparison with the existing data from the Tevatron and the LHC. We refer to this nice survey for more
details on the χc NRQCD studies. We however note that the χc0 case has never been tackled although its
yield has been measured by LHCb [227].
Overall, the comparison with the LHC data following such fits are good, including the absolute PT -
differential cross sections (see [353, 41]). Until now, the polarisation of the χc has been predicted [352] but
never measured. Suggestions to measure it indirectly via the J/ψ angular distribution are discussed in [354].
Along these lines, we note that the latest low-PT χc LHCb data show [223] a Rχc increasing for PT
getting closer to zero as expected from the Landau-Yang suppression of the χc1 production via gluon fusion.
This indicates that, in complex environments such as pp collisions at the LHC, the quantum numbers of the
final state remain relevant even at low PT . Along these lines, the prospects for a lower reach in PT offered
by the use of the newly observed [110] χc decay into J/ψ + µ+µ− are truly interesting.
In the bottomonium sector, like for the Υ, 3 studies exist from the IHEP group [242, 244] and from the
PKU group [243]. The corresponding values of the LDMEs and of rnP are given in Tab. 8. The measured
FD fractions at the Tevatron and the LHC –thus the χb(nP) yields– are relatively well described, except
maybe for Fχb(2P)
Υ(2S ) .
2.3.7. The PT -integrated J/ψ and Υ production and their energy dependence up to NLO
As we wrote in the introduction, understanding how the low-PT quarkonia are produced in nucleon-nucleon
collisions is extremely important to efficiently use them as probes of deconfinement or collectivity in
nucleus-nucleus collisions. Most of the analyses of quarkonium production in nucleus-nucleus collisions
are indeed carried out [41] on the bulk of the cross section where the yields are the highest, namely at low
PT .
It is thus not satisfactory to leave out these data from the NRQCD realm just because one observes
that fixed-order COM computations do not properly describe the PT -differential cross section in this region
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PΥT,min.
[GeV]
〈O(3P[1]0 )〉/m2b
[GeV3]
〈O(3S [8]1 )〉
[10−2 GeV3]
rnP
PKU [243] 15 0.39/m2b 0.73 0.42 ± 0.05
IHEP [244] 8 0.33/m2b 1.16 ± 0.07 0.79
(a) χn(1P)
PΥT,min.
[GeV]
〈O(3P[1]0 )〉/m2b
[GeV3]
〈O(3S [8]1 )〉
[10−2 GeV3]
rnP
PKU [243] 15 0.39/m2b 1.07 0.62 ± 0.08
IHEP [244] 8 0.39/m2b 1.50 ± 0.21 0.87
(b) χn(2P)
PΥT,min.
[GeV]
〈O(3P[1]0 )〉/m2b
[GeV3]
〈O(3S [8]1 )〉
[10−2 GeV3]
rnP
PKU [243] 15 0.39/m2b 1.43 0.83 ± 0.22
IHEP [244] 8 0.42/m2b 1.92 ± 0.34 1.03
(c) χn(3P)
Table 8: Selection of χb0(nP) LDMEs –related to those of χbJ(nP) via a 2J + 1 factor by virtue of HQSS– from 2 NLO fits using
LHC and Tevatron data. Numbers in italic are derived form rnP = (〈O(3S [8]1 )〉)/(〈O(3P[1]0 )〉/m2b) (PKU) or from 〈O〉 (IHEP). In both
fits, µΛ = mb. For the IHEP fit, we have chosen to quote only the values for which the FD treatment is similar to that of the PKU
fit. PΥT,min. indicates the minimum PT of the fit data. The CS LDMEs are not fit [243, 244].
where admittedly one may need to account for initial-state radiation (ISR) for instance. We recall that the
NLO CS predictions accurately describe the low-PT spectrum of the Υ(nS ) at the LHC.
Yet, an intermediate test of the theory is to compare the PT -integrated yield predicted by NRQCD. It
would not be acceptable that the introduction of the CO transitions in order to solve high-PT puzzles would
generate a significant excess in the quarkonium total yields. In this context, despite the possibility that the
NRQCD factorisation would not be valid at low PT , several analyses have been carried in the past to address
this question. For the J/ψ case, let us cite those of Beneke and Rothstein [355], Cooper et al. [313], and
Maltoni et al. [98]. Going further, the impact of ISR at very low PT was studied by Sun et al. [318] in
2012 along with the introduction of additional non-perturbative parameters which however complicate the
interpretation of these results.
Cooper et al. in fact argued [313], using only early RHIC data, that the universality of NRQCD was
safe and that the CS contributions to the PT -integrated J/ψ yields were negligible. On the contrary, the
NLO global analysis of Maltoni et al. at NLO highlighted [98] that the CO LDMEs compatible with the
total prompt J/ψ yield from fixed-target energies to RHIC were one tenth of that we discussed above from
the LO fits of PT -differential cross sections at Tevatron energies – which in any case cannot reproduce the
polarisation data.
As we have just seen, the inclusion of the NLO corrections to the PT -differential cross sections drasti-
cally changes the picture with subtle interplays between the different CO contributions. Despite the remain-
ing puzzles, one can say now that we have LDMEs determined at NLO.
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Figure 28: Representative diagrams contributing (a-b) at Born order to i + j→ Q, (c-e) both at Born order to i + j→ Q+jet and at
one loop to i + j→ Q, (f) at one loop to i + j→ Q, (g-k) at one loop to i + j→ Q+jet.
Using these, we could then significantly extend [65] in 2015 the aforementioned existing NRQCD stud-
ies of the PT -integrated cross section by coherently combining the hard-scattering coefficients, known up to
α3S since 1997 [87] and checked with FDC [272], with the aforementioned NLO NRQCD LDMEs extracted
from the PT dependence of the yields. The logic behind is that the PT -integrated and the PT -differential
cross sections can be considered as two different observables with notably different Born contributions.
A full one-loop cross-section study. For the 3S 1 quarkonium states, we have seen that the first CO states
which appear in the v expansion are the 1S [8]0 ,
3S [8]1 and
3P[8]J states, in addition to the leading v contribution
3S [1]1 from a CS transition. One however has to note that, for hadroproduction, whereas the CO contri-
butions already appear at α2S (Fig. 28a & 28b), the CS ones only appear at α
3
S (Fig. 28c). These α
2
S CO
graphs nevertheless do not contribute to the production of quarkonia with a nonzero PT since they would be
produced alone without any other hard particle to recoil on.
The Born contributions from CS and CO transitions are indeed different in nature: the former is the
production of a quarkonium in association with a recoiling gluon, which could form a jet, while the latter37
is the production of a quarkonium essentially alone at low PT .
Let us now have a look at the α3S CO contributions (Fig. 28d-28f) which are then NLO –or one loop–
corrections to quarkonium production and which are potentially plagued by the typical divergences of ra-
diative corrections. Yet, the real-emission α3S corrections to CO contributions (Fig. 28d & 28e) can also
be seen as Born-order contributions to the production of a quarkonium + a jet –or, equally speaking, of a
quarkonium with PT  ΛQCD. As such, they do not show any soft divergences for PT , 0. These are
supposed to be the leading contribution to the PT -differential cross section in most of the datasets taken at
hadron collider (Tevatron, RHIC and LHC). As we have seen in section 2.3.1, these are now known up to
one-loop accuracy, namely up to α4S (Fig. 28g & 28h).
It is important to note that one cannot avoid dealing with the divergences appearing at α3S if one studies
the PT -integrated cross section.
37 except for the gg induced 3S [8]1 production which also proceeds at LO via a recoiling gluon
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Different contributions up to α3S . In order to discuss the energy dependence down to low energies, one
may need to consider quark-induced channels. At α2S , the CO partonic processes are:
q + q→ QQ[3S [8]1 ] (Fig. 28a), g + g→ QQ[1S [8]0 ,3P[8]J=0,2] (Fig. 28b) (24)
where q denotes u, d, s.
At α3S , the QCD corrections to the aforementioned channels include real (Fig. 28d & 28e) and virtual
(Fig. 28f) corrections. One encounters UV, IR and Coulomb singularities in the calculation of the virtual
corrections. The UV-divergences from the self-energy and triangle diagrams are removed by the renormal-
isation procedure (see [356, 101]). As regards the real-emission corrections, they arise from 3 kinds of
processes (not all drawn):
g + g→ QQ[1S [8]0 ,3S [8]1 ,3P[8]J=0,2] + g, g + q(q)→ QQ[1S [0]8 ,3S [8]1 ,3P[8]J=0,2] + q(q),
q + q→ QQ[1S [8]0 ,3S [8]1 ,3P[8]J=0,1,2] + g.
(25)
As usual, the phase-space integrations generate IR singularities, either soft or collinear. We refer to the
analysis Petrelli et al. [87] for a discussion of their treatment which is standard for quarkonium production.
As we previously alluded to, the α3S CS contribution is particular since it would be strictly speaking Born
order for both the production of a quarkonium and of a quarkonium + a jet. It arises from the well-known
process:
g + g→ QQ[3S [1]1 ] + g (Fig. 28c) (26)
Overall, we proposed to use the LDMEs fitted at the same order (i.e. one loop or NLO) to the PT -
differential cross sections in order to performed a global NLO analysis of hadroproduction, and hence go
beyond the phenomenological study made by Maltoni et al. [98] in 2006.
At rather low energies, CSM contributions via γ? exchange may also be relevant. Indeed, as we noted in
a different context in [357], the QED CS contributions via γ? are naturally as large as the CO 3S [8]1 transition
via g? – the αem suppression being compensated by the small relative size of the 3S
[8]
1 CO LDME (O(10−3))
as compared to the 3S [1]1 CS LDME (O(1)). The real-emission contributions arise from
q + q→ QQ[3S [1]1 ] + g, g + q(q)→ QQ[3S [1]1 ] + q(q), (27)
whereas the loop contributions are only from
q + q→ QQ[3S [1]1 ]. (28)
Fig. 28a (Fig. 28f) with the s-channel gluon replaced by a γ? would depict the Born (a one-loop) contribu-
tion. As noted in [65], they however do not matter for pp collisions at
√
s > 40 GeV.
Complete NLO results within NRQCD. Direct J/ψ, ψ(2S ) and Υ(1S ) cross section are shown on re-
spectively Fig. 29 (a), (b) and (c) for five different NLO LDME sets. We refer to [65] for details on the
LDMEs and on other theory parameters as well as for a description of the experimental data used for the
comparison (and the assumed FD fractions).
Let us first discuss the comparison between the five fits and the J/ψ data (Fig. 29 (a)). Without any
surprise, the Hamburg global fit [311], including rather low PT/mQ data, provides the only acceptable
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Figure 29: The cross section for direct (a) J/ψ, (b) ψ(2S ) and (c) Υ(1S ) as a function of
√
s. The blue dot-dashed curve is the
central CS curve. Its relative uncertainty is shown in the lower panels; the light green (light blue) band shows the scale (mass)
uncertainty. The dashed red curve is the total CO contribution from 3 channels: 3P[8]0 (thin dot-dashed orange),
1S [8]0 (thin dotted
magenta) and 3S [8]1 (thin dashed green). The total CO uncertainty relative to the CS central curve is shown in the lower panels; the
light pink (purple) band shows the scale (mass) uncertainty. The black is the total contribution (CS+CO) at one loop. These are
compared to experimental data (see [65]) multiplied by a direct fraction factor (when applicable) and normalised to the central CS
curve in the lower panels. [Negative CO contributions are indicated by arrows]. Taken from [65].
description of the total cross section. We however recall that the latter fit is unable to describe polarisation
data and ηc data [232]. The IHEP [101] and PKU [327, 231] fits greatly overshoot the data in the energy
range between RHIC and the Tevatron, whereas these fits a priori provide a good description of the PT -
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differential cross section at these energies.
The fit of Bodwin et al. [105] gives the worse account of the PT -integrated J/ψ data in the whole energy
range. Indeed, the new ingredient of [105] allows one to describe high-PT spectrum with a large 1S
[8]
0
LDME (9.7 × 10−2 GeV3) –like for [101] but without negative LDMEs for the other octet LDMEs– and a
large MJ/ψ0,r0 which results in too large a yield at low PT . This fit also largely overshoots the LHCb ηc cross
section (see section 2.3.5).
In addition, we also note the strange energy dependence of at least the P-wave octet channel which is
reminiscent of the discussion we had about the CS channels. We will not detail its study here and rather
guide the reader to [65] and [314].
As what regards the ψ(2S ) (Fig. 29 (b)), the NLO NRQCD results do not reproduce the data at all at
RHIC energies and, since both fits as dominated by the P-wave octet channel, show a nearly unphysical
behaviour at LHC energies.
The comparison for the Υ(1S ) (Fig. 29 (c)), is more encouraging. At RHIC energies and below, the
agreement is even quite good, while at Tevatron and LHC energies, the NLO NRQCD curves only overshoot
the data by a factor of 2.
We finally note that from RHIC to LHC energies, the LO CSM contributions (the blue in all the plots)
accounts well for the data. This is in line with the observations made in section 2.2.6. The agreement is a
little less nice for ψ(2S ) if we stick only to the default/central value. This is not at all a surprise and agrees
with the previous conclusions made in [63, 64, 72, 73]. In fact, strangely enough, it seems that it is only at
low energies (below
√
s = 100 GeV) that the CO contributions would be needed to describe the data. The
more recent data from the LHC and the Tevatron tend to agree more with the LO CSM.
Overall, this confirms –unless the resummation of ISR or CGC effects (see below) modify these results
by a factor of ten– that it would be difficult to achieve a global description of the total and PT -differential
yield and its polarisation at least for the charmonia.
As we discussed above, a first resummation study performed in 2012 within NRQCD allowed Sun
et al. [318] to perform a dedicated LDME fit. They reported MJ/ψ0,r0=7 = (1.97 ± 0.09) × 10−2 GeV3 and
MΥ0,r0=7 = (3.21±0.14)×10−2 GeV3. Let us note that this fit was done by setting the CS contribution to zero
which a priori not justified. Since r0 is quite different than that for the PT differential cross section, these
constraints can be combined to extract individual LDMEs. For the J/ψ, 〈O(3P[8]0 )〉 and 〈O(3S [8]1 )〉 are found
to be negative while 〈O(1S [8]0 )〉 ' 0.14 GeV3, which nearly 30 times above the upper limit set by the ηc data.
It should also be stressed that this study introduces 3 new parameters g1,2,3 to parametrise the so-called WNP
function used the CSS resummation procedure. Moreover, we stress that such negative values of the CO
LDMEs would result in a negative NLO PT -differential cross section for J/ψ+γ at large PT where NRQCD
factorisation should normally hold. We will come back to this in section 3.3.3.
Besides, in 2014, Ma and Venugopalan obtained [96] obtained a good description of the low-PT J/ψ
data over a wide range of energy by, on the one hand, using the LDMEs from [327] (PKU) and, on the
other, a CGC-based computation of the low-PT dependence. In reproducing the data, they found that the
CS contribution is only 10% of the total yield38. This 10% is reminiscent of the factor 10 between the CS
and CO in the “collinear” study which we just discussed. From our viewpoint, it looks as if the specific
ingredient of this CGC-based computation would correspond to an effective reduction of the two-gluon
flux39 by a factor of 10. We also note that this reduction factor seems to be the same at 200 GeV than at
38 Recently they complemented their study in providing computations of the polarisation [358].
39 The comparison is however a bit more complex since this CGC-based approach accounts for contributions which are normally
suppressed in the collinear limit.
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7 TeV which is surprising if it arises from low-x effects. It is therefore very interesting to find out new
processes which would be sensitive to this physics in order to test their proposed solution.
In any case, whatever the explanation for this situation –excess and energy dependence– may be, past
claims that the COM is dominantly responsible for low-PT quarkonium production were premature in light
of the results presented in this section.
2.4. Recent developments in the CEM phenomenology
2.4.1. PT -integrated hadroproduction cross section at NLO
Contrary to the CSM and COM cases, let us start with the discussion of the total cross section which has
been the object of several NLO studies for heavy-ion physics applications [190, 191, 48, 192].
Conventional approach. In the CEM, the total, PT -integrated, cross section simply follows from that of
a pair of heavy quarks at small invariant masses. Unlike the CSM and COM computations, no symmetry
can prevent simple reactions like gg → QQ or qq → QQ to contribute to a quarkonium production at α2s
(Fig. 30a – 30c), whatever its quantum numbers. Analytical results for such amplitudes squared are known
since the late 1970’s (see e.g. [359]) and the differential partonic cross section as a function of the pair
invariant mass can be integrated under the CEM conditions [4, 360, 361].
NLO (α3s) corrections (Fig. 30d – 30g) can in addition be taken into account by using for instance
the MNR computation [362] or any automated NLO tool exclusive enough to set cuts on the pair in-
variant mass. Two examples from which we will show results are the library MCFM [363] and Mad-
Graph5_aMC@NLO [364]. Fits of the non-pertubative parameters Pdirect/promptJ/ψ have been performed at
NLO by Vogt in [48] using PT -integrated data up to
√
s = 62 GeV. Values between 1.5 % and 2.5 % were
obtained. It is worth noting that the uncertainty follows from that of the heavy-quark production rather than
from the data which are fit.
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Figure 30: Representative diagrams contributing to quarkonium hadroproduction via CEM at orders α2S (a-c), α
3
S (d-f), α
4
S (h,i). In
the CEM, the invariant mass of the heavy-quark pair will be integrated over within the 2mQ and 2mH(Q) where H(Q) is the lightest
hadron with the flavour Q.
As discussed in the introdution, a simple statistical counting rule based on the number of quarkonium
states below the open-heavy-flavour threshold works remarkably well for the J/ψ, whereas it does not
work for P-waves as discussed in [44, 43] as well as for ψ(2S ). This exhibits the limit of the model in
incorportating differences in the hadronisation of different quarkonium states.
For the Υ, Vogt’s fit yields a similar magnitude, around 2 %. Following the state-counting argument,
one would however expect a smaller number than for J/ψ. At this stage, it is important to reiterate that such
consideration ignore phase-space constraints in the hadronisation process. What the CEM really predicts
is that PdirectQ should be process independent. Going further, the fact that a given yield ratio of 2 quarkonia
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would not follow the state counting is not necessarily problematic unlike a possible observation that such a
yield ratio would depend on some kinematical variables or would vary from one collision system to another.
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CEM results computed with MCFM [363] with two choices of the charm-quark mass (mc) and with the PDFs [365, 366, 367] as
a function of
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s. In each case, PpromptJ/ψ has been fit to the data. Taken from [49].
A NLO comparison with data from fixed-target experiments as well as from colliders at central rapidities
is shown on Fig. 31 for the J/ψ case for different choices of the charm-quark mass and of the PDFs. First,
one notes that the mass mQ dependence is nearly completely absorbed in the fit value of PpromptJ/ψ . Let us
stress that using different values of mQ mainly affect the cross-section via the integration range over the pair
invariant mass, not much via the partonic cross section itself. In any case, the mass dependence does not
show up in the energy dependence which is rather similar for 1.27 and 1.5 GeV.
A thorough study of the connection between heavy-flavour and quarkonium production in the CEM can
be found in [368]. Along these lines, taking a rather small value for the charm quark mass, mc = 1.27 GeV,
seems to be indicated. Let us however note that results with mc = 1.5 GeV are sometimes slightly different
but never such as to modify the physics conclusion of a study.
On the contrary, one observes a significant dependence on the PDF set. This can be traced back to the
rather low scale µR of the process and the very low probed x values (x ' Mψ/√s). This reminds us that
quarkonia, as well as heavy quarks [369, 370], remain potential excellent probes of gluons inside hadrons.
CEM-NRQCD vs CEM vs ... CSM. As we have just seen and in section 2.3.7, the energy dependence
of the CEM and COM/NRQCD total cross sections at NLO are rather different. That of the CEM nicely
follows the data and could even be used to bring in new constraints on the gluon PDFs. That of the COM
channels is ill-behaved, does not follow the data and certainly calls for more theoretical efforts. In principle,
the comparison should end here. Indeed, there are other observables where the CEM predictions disagree
with data whereas the COM ones do not.
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Along the lines of [371], the CEM predictions should however match with a specific realisation of
NRQCD. It is therefore tempting to compare how the energy dependence of this “CEM-NRQCD" compares
with the genuine CEM. The connection is in fact rather simple. Up to v2 corrections, only 4 intermediate QQ
states contribute to 3S 1 quarkonium production in a CEM-like implementation of NRQCD, namely 3S
[1]
1 ,
1S [8]0 ,
3S [8]1 and
1S [1]0 . As compared to usual NRQCD computations for vector quarkonia, the state
1S [1]0 ,
which normally needs not to be considered for 3S 1 production at this level of accuracy in v, contributes.
One then needs to impose the following set of constraints between the LDMEs:
〈O3S 1(3S [1]1 )〉 = 3〈O3S 1(1S [1]0 )〉, 〈O3S 1(1S [8]0 )〉 =
4
3
〈O3S 1(1S [1]0 )〉, 〈O3S 1(3S [8]1 )〉 = 4〈O3S 1(1S [1]0 )〉. (29)
Just like a CEM computation only depends on Pdirect/promptJ/ψ , all these nonvanishing LDMEs are fixed
once one of the LDMEs is fixed since they are related to each others. One can even go further since, in
principle, 〈O3S 1(3S [1]1 )〉 should be the usual CS LDME fixed by potential models or the leptonic decay width
of the quarkonium, i.e. 2NC4pi (2J+1) |R(0)|2. Finally, the contribution from 1S [1]0 can for instance be computed
with FDC [272] without any specific difficulty as in [65].
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Figure 32: The cross section for direct (a) J/ψ and (b) Υ(1S ) as a function of
√
s from NLO NRQCD using CEM-NRQCD to be
compared with the conventional NLO CEM (see section 2.4.1) and the existing experimental measurements. Taken from [65].
Fig. 32 (a) & (b) show the resulting cross sections for the J/ψ and Υ(1S ) cases (the relevant channels
and their sum), to be compared to the world data (see [65]) and the conventional CEM (solid light blue
curve) evaluated with PdirectJ/ψ = 145 and PdirectΥ(1S ) = 2% both in lines with Vogt’s fits.
One directly observes that the NRQCD-CEM total cross section greatly overshoots the data, by a factor
as large as 100, both at low and high energies. Yet, such a behaviour could have been anticipated. Indeed,
following Eq. (29), the 4 LDMEs are on the same order. We know that the 3S [1]1 yield (the NLO CSM one) is
roughly compatible with the data and that the other hard coefficients (i) appear at α2S , (ii) are not suppressed
as PT → 0 and (iii) are thus expected to give a larger contribution than the 3S [1]1 transitions. Taken together,
the NRQCD-CEM yield should be much larger than the data.
Of course, one could drop the assumption that 〈O3S 1(3S [1]1 )〉 = 2NC4pi (2J + 1) |R(0)|2 and rather fit
〈O3S 1(1S [1]0 )〉 as one does for Pprompt. The corresponding LDMEs would then roughly be 100 times smaller
and the CS transition would be 100 times less probable that what one needs to get the measured leptonic
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decay. This would be a clear violation of NRQCD factorisation. We are therefore tempted to doubt the
practical applicability of the relations derived in [371].
Yet, the constraints of Eq. (29) encapsulate a fundamental difference between the CEM and the CSM
which normally should be visible by analysing different sets of data, with otherwise extreme colour-flow
configurations driven by the initial state. In the CEM, all the colour configurations are summed over and
then considered on the same footage. It is of course not the case within the CSM, nor within NRQCD
if one follows the velocity scaling rules. It was for instance noted in [371] that these scaling rules were
dramatically violated in NRQCD-CEM.
In a reaction where the heavy-quark pairs are systematically produced colourless with the correct spin to
produce a vector state, such as e+e− → γ? → QQ, CSM and CEM predictions necessarily differ. Whereas
one is entitled to see NRQCD as a natural extension of the CSM –it even coincides with it at LO in v– the
CEM does not encompass the CSM. If one approach agrees with some specific data, the other cannot. What
matters then is how precise the predictions and the data to rule out one approach or the other can be.
2.4.2. Hadroproduction at NLO at finite PT
In contrast to the PT -integrated cross section, the PT -differential cross section has only been studied at NLO
(or one-loop) accuracy in 2017 [49].
As we have seen, the comparisons of the CEM PT -integrated yields with the data is overall good. Most
of the Tevatron, RHIC and LHC data for PT -differential cross sections have also been confronted to the
CEM predictions (see [41] for a representative selection). Leaving aside the spectrum below a few GeV
where a phenomenological parton-kT -smearing procedure is usually applied [48] to reproduce the cross
section behaviour, the CEM predictions usually tend to overshoot the data for increasing PT . Its spectrum
always ends up to be harder than the data. This issue was already identified as early as in the late 1990’s and
different mechanisms [372, 373, 374] have then been considered (see [44] for a brief overview) to address
this issue but none was the object of a consensus. More recently, an “improved" version of the CEM [50]
was proposed by Ma and Vogt. We will briefly report on it in section 2.4.4.
The origin of the problem is easy to find and arises from the existence at α3s of leading-PT topologies
(Fig. 30g) scaling like P−4T , just like those associated with the
3S [8]1 octet states in NRQCD (see section 2.3).
Whereas these were originally thought to solve the ψ(2S ) surplus at the Tevatron, we have seen that the
recent NLO NRQCD fits to the LHC and Tevatron data point at a need to reduce their impact, because they
generate too hard a spectrum and because they produce transversely polarised vector quarkonia.
In NRQCD, the reduction of their impact is realised through a partial cancellation between both channels
which show leading-PT contributions at NLO, namely the 3S
[8]
1 and
3P[8]J states, opening the possibility for
a dominant 1S [8]0 contribution in agreement with a softer PT spectrum. In the CEM, owing to the simplicity
of the model, no such cancellation can happen. The fragmentation contributions are obviously there, at any
non-trivial order where the computation is carried out.
Until recently, in all Tevatron and LHC CEM computations [48, 338], the employed hard-scattering
matrix element was at NLO for inclusive heavy-quark production, namely α3s from the well-known MNR
computation [362] using the specific invariant-mass cut of Eq. (1), along the same lines as for some com-
putations of the total cross section at NLO discussed above.
However, at α3s , the only graphs which contribute to the production of the heavy-quark pair with a finite
PT (with or without invariant-mass cut) are those from 2 → 3 processes (Fig. 30d, 30e & 30g). The α3s
loop contributions (Fig. 30f) are therefore excluded as soon as finite PT is requested. As such, all these
existing computations of the PT differential cross section of the pair are effectively Born-order/tree-level
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computation from gg[qq]→ (QQ)g or gq→ (QQ)q, these are not truly speaking NLO computations in this
context.
It is therefore legitimate to wonder whether the resulting LO PT spectrum, which disagrees with data,
could be affected by large QCD α4s corrections (Fig. 30h & 30i), effectively NLO and not NNLO for this
quantity. In particular, one could wonder whether the data can be better described at NLO and whether
PNLOJ/ψ is different than PLOJ/ψ ?
Given the direct connection between the CEM and heavy-quark production, it is not too demanding
to perform such computations with modern tools of automated NLO frameworks, at the minimum cost of
some slight tunings. In particular, in [49], we have employed MadGraph5_aMC@NLO [364] for these (N)LO
CEM calculations for J/ψ + a recoiling parton with a finite PT .
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Figure 33: Comparison between the ATLAS data [375] and the CEM results for
d2σ
dydPT
of J/ψ + a recoiling parton at (a) LO and
(b) NLO at
√
s = 8 TeV. [The theoretical uncertainty band is from the scale variation (see the text) with P fit using the central
curve.] Taken from [49].
This allowed us to perform the first NLO fit of PpromptJ/ψ using PT differential ATLAS single-J/ψ data at√
s = 8 TeV [375] corresponding to 11.4 fb−1. As a comparison, we have also carried out a LO fit of the
PT -differential cross section. We stress that such a study can easily be extended to other quarkonia in other
kinematical regions [376].
A comparison with the data is shown on Fig. 33. As suggested in [368], we have taken mc = 1.27 GeV.
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Another fit with a different value, e.g. mc = 1.5 GeV, could be carried out. The PT dependence is however
very similar and only the normalisation would differ. The difference would then be absorbed in the fit
of PpromptJ/ψ . As what regards the parton distribution function (PDF), the NLO NNPDF 2.3 PDF set [366]
with αs(MZ) = 0.118 provided by LHAPDF [377] was used. Let us add that, since the heavy-quark-mass
dependence is de facto absorbed in the CEM parameter, the main theoretical uncertainties arise from the
renormalisation µR and factorisation µF scale variations expected to account for the unknown higher-order
corrections. In practice, they were varied within 12µ0 ≤ µR, µF ≤ 2µ0 where the central scale µ0 is the
transverse mass of the J/ψ in J/ψ + parton.
Without much surprise, the CEM yields start to depart from the data when PT increases (see Fig. 33).
This is indeed happening in the region where fragmentation contributions are dominant. In addition, we
note that the LO and NLO behaviours are similar and that the NLO uncertainties are smaller than the LO
ones. Let us recall that the LO results (i.e. for prompt J/ψ + a recoiling parton) would coincide with the
PT spectrum obtained from a NLO code for inclusive prompt J/ψ results [48, 338]. This reduction of
uncertainties is the main added value of this first NLO CEM study of the PT spectrum of single J/ψ using
a one-loop evaluation of J/ψ + a recoiling parton. The same conclusions are expected for the other states.
Fitting this ATLAS data with mc = 1.27 GeV, we have obtained PLO,promptJ/ψ = 0.014 ± 0.001 and
PNLO,promptJ/ψ = 0.009 ± 0.0004. From these, one can deduce that the K factor affecting the dσ/dPT is
close to 1.6. It is also interesting to compare these values with those obtained from the PT -integrated total
yields. The value of P(N)LO,promptJ/ψ obtained from the PT -differential yields are about a factor of 2–3 smaller
than that obtained from the PT -integrated yields. This is not surprising since the CEM tends to overshoot
the high-PT data. This trend is in fact opposed to that of NRQCD where the CO LDME fit values from the
PT -differential yield overshoot those fit from the PT -integrated yields. We conclude that the universality of
PpromptJ/ψ seems to be challenged in the CEM as well.
Yet, this shortcoming of the CEM, namely to generate too many quarkonia by gluon fragmentation, can
be an useful tool to set upper limits of cross sections which cannot reliably be computed within NRQCD
(see sections 3.3.1 & 3.3.2).
2.4.3. CEM phenomenology in γp, e+e− and γγ collisions
In addition to hadroproduction, the CEM phenomenology has been extended to production in γp, e+e− and
γγ collisions. To date, none of these studies for differential distributions have been performed at one loop
in QCD. Only the total photoproduction study by Amundson et al. in 1996 [378] was carried out using a
NLO heavy-quark photoproduction code [379] in the same fashion as the PT -integrated hadroproduction
cross section discussed in section 2.4.1.
Let us briefly review the main features of these studies. First, the total J/ψ photoproduction data are
well described by the CEM at NLO using PJ/ψ = 0.048 ÷ 0.056 with mc ' 1.45 GeV. We refer to [378] for
more details, in particular about the experimental data used for the comparison. In 1998, Eboli et al. [381]
studied the z-differential cross section and tackled a similar peak at large z as that found in NRQCD. Their
procedure was inspired by approaches to reproduce the Drell-Yan PT -differential cross section at low PT .
Doing so, with PJ/ψ = 0.048 ÷ 0.056 (but with mc = 1.3 GeV) and with a free parameter, they were able
to reproduce the H1 [279] and ZEUS [280] data differential in z down to z = 0.4. In their study, they
also included the resolved-photon contributions which result in a prominent peak at low z. In 2003, Eboli et
al. [380] updated their study and compared their CEM cross section with new H1 data [236]. Fig. 34a shows
a comparison of the inelasticity distribution. The CEM accounts relatively well for the H1 data –keeping in
mind that the shape mainly results from a tuned parameter. Fig. 34b and Fig. 34c show comparisons for the
64
LO CEM 4002] 
120 < W < 260 GeV
_
H1 data [EPJC 25 (2002) 25]
[PRD 67 (2003) 05
PT > 1 GeV
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
dσ
 /d
z 
  [
n
b]
10
102
Direct
Resolved
Total
z
(a)
0.05 < z < 0.45
120 < W < 260 GeV
PT  [GeV2]
5          10         15         20         25        30         35         40
2
10-2
10-1
1
10
dσ
/d
P
T
   
[n
b/
G
eV
2 ]
H1 data [EPJC 25 (2002) 25]
LO CEM [PRD 67 (2003) 054002]_
(b)
LO CEM 4002] 
0.3 < z < 0.9
60 < W < 240 GeV
_
H1 data [EPJC 25 (2002) 25]
[PRD 67 (2003) 05
10          20        30 40         50        40
10-2
110-
1
10
dσ
/d
P
T
   
[n
b/
G
eV
2 ]
PT  [GeV2]
2
(c)
Figure 34: z and P2T -differential cross section for photoproduced J/ψ predicted by the CEM at LO compared to H1 data [236].
The blue bands result from the variation of mc between 1.3 and 1.5 GeV. See [380] for the theory parameters used for the curves.
Figures taken from [380].
P2T -differential cross section. At low z, where the yield is dominated by the resolved-photon contribution
(see the dashed curve on Fig. 34a), the CEM is particularly successful. At larger z, the CEM exhibits the
same issue as for hadroproduction with too a hard P(2)T spectrum.
Besides photoproduction, Eboli et al. [382] studied in 2003 the case of γγ scattering at LEP. Still with
PJ/ψ = 0.048 ÷ 0.056 and mc = 1.3 GeV, they obtained for the CEM LO a very good description of the
DELPHI data, very similar to the LO COM one of Klasen et al. [85]. They also showed that the resolved-
photon contributions were contributing about 10% of the yield.
Finally, the CEM phenomenology was explored in e+e− annihilation at B factories by Kang et al. [383]
who found 0.095 pb for σ(J/ψ+Xnon cc) with PJ/ψ = 0.025 and mc = 1.4 GeV. This is more 4.5 times below
the latest Belle measurement –and contrary to the COM case, the CSM cross section should not be added
to this CEM value.
2.4.4. Improving the CEM
Our discussion has so far focused on the J/ψ case with some comments on the Υ. One of the main failure of
the CEM phenomenology is however to be found on the treatment of the excited states. It is often reported
that the CEM cannot explain of χQ yields which do not simply follow the 1 : 3 : 5 ratio rule from the spin
counting. In fact, whereas this is a little suspicious, it is not critical. What is however more problematic
is that these ratios have been seen to depend on kinematical variables. We guide the reader to different
reviews [41, 43, 338] for some specific cases, in particular that of the ψ(2S )/J/ψ yield ratio.
Motivated by this shortcoming of the conventional implementation of the CEM, Ma and Vogt sug-
gested [50] in 2016 to improve it by explicitly taking into account, in the kinematics, the fact that the
invariant mass of the pair produced at short distances differs from that of the physical bound state. Such
an effect can be paralleled to the mass effect in the decay of an excited state to a lower-lying state. This
shifts momenta, modifies their spectrum and thus generates kinematical dependences in yield ratios between
different states.
In order to take into account the kinematical shift between the pair before and after hadronisation, the
improved CEM equation relating the cross section to produce a heavy quark pair QQ and that to produce
the quarkonium reads:
dσQ(PQ)
d3~PQ
= PQ
∫ 2MH(Q)
2MQ
d3~PQQdMQQ
dσ(MQQ, PQQ)
dMQQd
3~PQQ
δ(3)
~PQ − MQMQQ ~PQQ
 , (30)
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where PQQ = PQ+PQ. This approaches has been dubbed improved CEM (ICEM). One can see on Fig. 35a,
the effect on the ψ(2S )/J/ψ yield ratio as a function of PT in the LHCb acceptance at
√
s = 7 TeV – the
conventional CEM predicts a constant. The effect is manifest at low PT when PT dependence quickly varies
and then vanishes at higher PT . Yet, CMS and ATLAS measurements at higher PT seem to indicate that
the ratio further increases for PT between 10 and 20 GeV (see e.g. [239]). So far, the ICEM has only been
applied to hadroproduction.
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Figure 35: ψ(2S )/J/ψ yield ratio as a function of PT predicted by the ICEM at
√
s = 7 TeV in the LHCb acceptance compared
with LHCb data [384]. Adapted from [50].
As what regards the individual cross sections, the ICEM dependence is slightly softer but we have
checked that the effect is not strong enough –on the order of 20% at PT ' 15 GeV– to solve the excess of
the CEM over the data discussed in section 2.4.2. Modifying the kinematics of the initial gluons with a kT -
smearing (see e.g. [48]) or kT -factorisation (see [385] and references therein) can also obviously affect the
PT distribution of the produced quarkonium. In some implementations of the unintegrated gluon densities
used in kT -factorisation (compare the KMR- and JH-like curves in [385]), the effect –which can consist in
altering the yield by as much as one order of magnitude– can propagate up to 20 GeV and above. However,
such an effect would not impact the problematic double ratios.
Another improvement in the CEM phenomenology was recently brought in by Cheung and Vogt who
pioneered (hadroproduction) polarisation studies [51, 52, 53, 54]. With this regard, two somewhat opposed
views exist. On the one hand, it is often suggested (see e.g. [338]) that, to be coherent with the randomisation
effects induced the numerous gluon emissions during hadronisation, the CEM physics should correspond
to the production of unpolarised quarkonia. Strictly speaking, this cannot be exact because of FD effects.
For instance, a sample of unpolarised P waves will feed into S waves with specific polarised yields. On the
other hand, one can consider that only the colour is randomised by the numerous incoherent gluon emis-
sions associated with the heavy-quark pair hadronisation. As such, one can keep track of the heavy-quark
helicities and, under specific assumptions, derive predictions for the quarkonium polarisation. Cheung and
Vogt assumed that the quark spins are “frozen” during hadronisation. We refer to [386] for a neat summary
of their results and we note that their computations at finite PT were done under kT factorisation [51, 52].
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3. Associated production of quarkonia
As we have seen in the previous sections, quarkonium physics has reached a precision era since a long time,
with momentum spectra predicted and measured over as much as 7 orders of magnitude. Yet, a number
of puzzles still challenge our understanding of their production mechanism, and de facto of QCD at the
interplay between its short- and long-distance domains.
With the advent of the LHC, data at higher energies, at higher transverse momenta, with higher precision
and with more exclusivity towards direct production are now flowing in. Unfortunately, all this may not be
sufficient to pin down the complexity of the quarkonium-production mechanism. In this context, much hope
is put into the study of associated-quarkonium production, which is the object of this section.
3.1. Digression about double parton scatterings
Most of the discussion of single-quarkonium production made in the previous sections relied on the picture
that it arises from a single scattering of two partons. This is considered to be the leading-twist contribution
as other contributions like scatterings involving three partons [205, 206, 207, 208] should be suppressed by
inverse powers of the hard scale of the process, Q. In the present case, Q is at least the quarkonium mass,
which is significantly larger than the hadronic scale, Λ, on the order of mp or ΛQCD.
Along these lines, the cross section for a Single Parton Scattering (SPS) is expected to scale as
σSPS ∼ 1/Q2 and, for a Double Parton Scattering (DPS), it is expected to scale as σDPS ∼ Λ2/Q4, thus
to be suppressed. From such dimensional arguments, one would thus expect that, if one observes two per-
turbatively produced particles, they are more likely to come from a SPS than a DPS. Yet, one should keep in
mind that σDPS is proportional to the the fourth power of the PDFs which increase with the collision energy.
Second, for configurations where the momenta of both observed particles are equal and smaller than Q, the
DPS and SPS differential cross sections can be of similar magnitudes with:
dσSPS
dq21dq
2
2
∼ dσ
DPS
dq21dq
2
2
∼ 1
Q4Λ2
. (31)
In the context of our discussion of quarkonia hadroproduced in association with another particle, it
therefore makes perfect sense to include the DPS in our considerations. As such let us elaborate a little
more on their expected contributions. The description of such a mechanism is usually done by assuming
that DPSs can be factorised into two SPSs for the production of each of both observed particles. This
factorisation massively used at the Tevatron and the LHC –and from which results distinctive kinematic
distributions– is certainly a first rough approximation. It is however sometimes justified by the fact that
possible unfactorisable corrections due to parton correlations are larger in the valence region than at low
x – the realm of the LHC. In the case of the associated-quarkonium hadroproduction, the master formula
from which one starts under the factorisation assumption is (see e.g. [387]) [P1 and P2 label both observed
particles]
σDPSP1P2 =
1
1 + δP1P2
∑
i, j,k,l
∫
dx1dx2dx′1dx
′
2d
2b1d2b2d2b
×Γi j(x1, x2,b1,b2) σˆP1ik (x1, x′1) σˆP2jl (x2, x′2) Γkl(x′1, x′2,b1 − b,b2 − b), (32)
where Γi j(x1, x2,b1,b2) is the generalised double distributions with the longitudinal fractions x1,x2 and
the transverse impact parameters b1 and b2, σˆPijk (xl, x
′
l) are the usual partonic cross sections for the in-
clusive production of the particle Pi and δP1P2 is the Kronecker symbol. To go further, one decomposes
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Γi j(x1, x2,b1,b2) into independent longitudinal and transverse parts
Γi j(x1, x2,b1,b2) = Di j(x1, x2)Ti j(b1,b2), (33)
where Di j(x1, x2) is the double-parton distribution functions (dPDF) [388].
If one then ignores the correlations between the partons emerging from each hadrons and which trigger
both scatterings, one can also assume that
Di j(x1, x2) = fi(x1) f j(x2), Ti j(b1,b2) = Ti(b1)T j(b2), (34)
where fi(x1) and f j(x2) are the normal single PDFs. This yields to [σik→P j is the partial contribution of the
hadronic cross section to produce P j from ik fusion]
σDPSP1P2 =
1
1 + δP1P2
∑
i, j,k,l
σik→P1σ jl→P2
∫
d2b
∫
Ti(b1)Tk(b1 − b)d2b1
∫
T j(b2)Tl(b2 − b)d2b2. (35)
If the parton-flavour dependence in Ti, j,k,l(b) is also ignored, one can define a single overlapping function,
F(b) =
∫
T (bi)T (bi − b)d2bi, (36)
whose inverse of the integral,
σeff =
[∫
d2bF(b)2
]−1
. (37)
is a parameter characterising the effective spatial area of the parton-parton interactions, from which one
derives the so-called “pocket formula"
σDPSP1P2 =
1
1 + δP1P2
σP1σP2
σeff
, (38)
where σP1 and σP2 are the hadronic cross sections for respectively single P1 and P2 production. This
means that knowing σP1 and σP2 and σeff , one can predict σDPSP1P2 .
Under these assumptions, σeff is only related to the initial state and should be independent of the final
state. However, the validation of its universality (process independence as well as energy independence)
and the factorisation in Eq.(38) should be cross checked case by case. In fact, some factorisation-breaking
effects have recently been identified (see e.g. [389, 390, 391, 392, 393]).
3.2. Quarkonium-pair production
Inclusive quarkonium-pair production has been the object of a number of recent studies at the LHC and the
Tevatron [113, 115, 116, 394, 114]. We should however stress that the first observation of J/ψ-pair events
dates back to that of the CERN-NA3 Collaboration [395, 396] in the early 1980’s. Strictly speaking, this is
not a “new” observable, but it is probably the richest of all quarkonium-associated-production channels.
In the case of di-J/ψ production, all the experimental results for small rapidity separations (∆y) agree
with the SPS CSM contributions, known up to NLO accuracy [258, 261, 397]. However, for increasing ∆y,
they point at a significant DPS – in accordance with previously studied jet observables [398, 399, 400, 401,
402, 403, 404], except for a likely smaller σeff . In addition, the measured yields at large pair transverse
momenta, which agree with the NLO CSM contributions at α5s , tell us that the pair is produced with a hard
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recoiling parton. At the same time, the debate remains open about the relevance of COM contributions in
some part of the phase space [405]. In the following, we will review all these aspects. Recently, we also
showed [23] that di-J/ψ production can also tell us much information about the gluon TMDs.
Besides the specific case of J/ψ pairs, Υ + J/ψ hadroproduction –expected to be a golden probe of
the COM [406]– has also been seen by the D0 collaboration [120] with a claim that the yield is highly
dominated by DPS contributions which was further confirmed by Shao and Zhang [123]. Finally, Υ-pair
hadroproduction was measured for the first time by CMS with a limited sample [121] of 40 events though.
With the current admittedly large experimental and theoretical uncertainties, the measured cross section
agrees with the CS based computations [407, 406, 408, 409].
3.2.1. DPS in J/ψ-pair hadroproduction
Even before the final LHCb data [113] were released, Kom et al. suggested [24] in 2011 that a signifi-
cant fraction of the di-J/ψ events seen by LHCb might be from DPS origin. This thus drew the attention
on the possibility that quarkonium-pair hadroproduction in general could also come from two independent
quarkonium-production scatterings. Kom et al. also proposed the yield as a function of the rapidity differ-
ence, ∆y, between both J/ψ’s as a good observable to distinguish DPS and SPS events. The DPS events
compared to the SPS ones indeed have a broader ∆y distribution. In a single scattering, large values of
∆y imply large momentum transfers, thus highly off-shell particles40, and are strongly suppressed. It is
not the case for DPSs where the rapidity of both particles is independent. Large rapidity differences are
only suppressed because the individual yields are suppressed for increasing rapidities. In turn, Kom et
al. also warned about the usage of the azimuthal angular separation ∆φ, which might lead to wrong con-
clusions about the DPS/SPS ratio. This was confirmed later on by further computations [258, 411, 412].
Using σeff = 14.5 mb from the CDF γ + 3 jets analysis [401], they obtained a yield close to that of LHCb
which however shows large uncertainties. Let us note that such a value also agrees with other jet-related
observables [398, 399, 400, 401, 402, 403, 404].
In 2014, D0 [115] –thanks to the wide (pseudo)rapidity coverage of about 4 units (|η| ≤ 2) of their
detector– reported the first extraction of the DPS contributions to J/ψ-pair production. By fitting the ∆η
distribution of their data, D0 managed to separate out the DPS and the SPS yields41, i.e. σDPSψψ and σ
SPS
ψψ and
reported that a little less than half of the events was from DPSs.
Injecting their measured σψ and σDPSψψ in the DPS “pocket formula", Eq. (38), D0 reported σeff '
5.0 ± 2.75 mb. Such a value is 3 times lower than those of the jet analyses which we just mentioned. In
other words, the DPS yield in the D0 acceptance is roughly 3 times higher than what could have been naively
expected. Yet, as we will see later, such a low value of σeff is in line with other quarkonium-associated-
production measurements, including other quarkonium-pair data.
3.2.2. LO and NLO SPS computations of di-J/ψ hadroproduction
CSM LO and NLO evaluations. Historically, the first CSM computations for direct di-J/ψ hadropro-
duction were carried out in the early 1980’s by Kartvelishvili & Esakiya [413] and Humpert [414]. The
PT -integrated rates obtained by recent theoretical expectations at the LHC [407, 406, 415] follow the same
lines and, in fact, happen to agree with the LHCb data –the only ones extending down to PT = 0. There is
clearly no deficit compared to the data, especially since DPS are also expected to populate the yield.
40 Except in the case of “pseudo-diffractive" reactions [410] appearing at NNLO.
41 We however note that this separation relied on Monte Carlo SPS templates derived from LO CS computations. As we will
see later NLO corrections to the SPS yield can also alter the ∆y distribution.
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In practice, the amplitude to produce of a pair of S -wave quarkonia denoted Q1 and Q2, of given mo-
menta P1,2 and of polarisation λ1,2 accompanied by other partons –inclusive production–, noted k, is then
given by the product of (i) the amplitude to create the corresponding double heavy-quark pair, in the specific
kinematic configuration where the relative momenta of these heavy quarks (p1,2) in each pairs is zero, (ii)
two spin projectors N(λ1,2|s1,3, s2,4) and (iii) R1,2(0), the radial wave functions at the origin in the configu-
ration space for both quarkonia. At the partonic level, the SPS amplitude thus reads:
M(ab→ Q1λ1(P1) + Q2λ2(P2) + k) =
∑
s1,s2,c1,c2
∑
s3,s4,c3,c4
N(λ1|s1, s2)N(λ2|s3, s4)√mQ1mQ2
δc1c2δc3c4
3
R1(0)R2(0)
4pi
×M(ab→ Qs1c1Q
s2
c2(p1 = 0) + Q
s3
c3Q
s4
c4(p2 = 0) + k),
(39)
where one defines from the heavy-quark momenta, q1,2,3,4, P1,2 = q1,3+q2,4, p1,2 = (q1,3−q2,4)/2, and where
s1,3,s2,4 are the heavy-quark spin components and δcic j/
√
3 is the colour projector. N(λ|si, s j) is the same as
for single quarkonium production (see section 2.2.1). Such a partonic amplitude is then squared, summed
over the colour and spin of external partons and, under the collinear factorisation, convoluted with the PDFs
in the allowed kinematical phase space. Analytical results for the uncontracted amplitude for gg→3 S 1+3S 1
is available in [416] and that for the amplitude squared in [416, 407]. Let us also note the existence, since
2010, of the event generator DJpsiFDC [417] specific to this process. Nowadays, HELAC-Onia [252, 253]
also allows for the generation of di-J/ψ events but it is much more general.
In fact, HELAC-Onia [252, 253] allows anyone to numerically compute cross sections for any tree-level
process involving pairs of quarkonia. In particular, this allowed us to perform [258] the first evaluation of the
impact of the QCD corrections and to demonstrate that, like for single vector quarkonium production, QCD
corrections drastically affect the PT differential cross section42. It is in fact expected from the number of
off-shell quark propagators of typical LO and PT enhanced real-emission NLO graphs, depicted on Fig. 36a
and Fig. 36b.
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Figure 36: Representative diagrams for the hadroproduction of charmonium pairs via SPSs at O(α4s) (a), at O(α5s) (b-d) and O(α6s)
(e-h).
42 Unless specified otherwise, PψT is the PT of one J/ψ randomly chosen among both and the PT cuts discussed here apply to
both.
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Thanks to this observation, a NLO? computation as in [60] (see section 2.2.1) is applicable. The IR
divergences of the real emissions are cut with the constraint that the invariant mass of any light-parton pair,
si j, be larger than the IR cut-off smini j . By inspecting all the propagators in Fig. 36b or Fig. 36c , one can
indeed see that the condition si j > smini j regulates all the collinear and soft divergences in the real-emission
corrections to J/ψ-pair production. In fact, for a cross section differential in PψψT , the IR divergences are
simply absent and the loop corrections do not contribute for finite PψψT .
Just like single J/ψ production, such an IR treatment is expected to give a reliable estimation of the NLO
result at least at large PT –and probably at mid PT . Indeed, for the new PT -enhanced topologies appearing
at NLO, from e.g. the t-channel-exchange diagram shown Fig. 36b, si j will necessarily be large for any
light-parton pair at large PT and such topologies would not be affected by the cut-off. For the remaining
real-emission topologies, one may encounter large logarithms of si j/smini j . These are however factors of the
amplitudes of these PT -suppressed topologies. As a consequence, the dependence on smini j should vanish
as inverse powers of PT . Lastly, the virtual corrections, with the same PT -scaling as the LO contributions,
are also PT suppressed compared to the PT -enhanced real-emission contributions. One can simply neglect
them since they are no longer necessary to regulate the IR divergences of the real-emission contributions.
Fig. 37a clearly shows43 how the harder scaling of NLO? yield (gray band) compares to that of the LO
yield (blue band). One also notes [258] that the IR cut-off sensitivity vanishes extremely quickly and is in
practice negligible for any purpose for PT > 10 GeV.
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Figure 37: Di-J/ψ production at
√
s = 7 TeV in the LHCb rapidity region (a) comparison between the LO and NLO? predictions
along with the first computation of the J/ψ+ ηc cross section; (b) comparison between the PT -differential cross sections from NLO
and NLO? computations. Taken from (a) [258] and (b) [261] v1.
In 2014, Sun, Hao and Chao [261] completed the full NLO computation, i.e. the first complete one-loop
computation for the hadroproduction of a pair of J/ψ. Without any surprise their computations confirmed
our NLO? evaluation (see Fig. 37b) which was then subsequently used for many other phenomenological
studies, which we discuss later.
In the context of the discussion of the CMS data [116] extending to higher PT , HELAC-Onia allows
one to advance the investigations further and study the possible relevance of P−4T contributions in the region
43 As regards the parameters entering the computations, |RJ/ψ,ηc (0)|2 = 0.81 GeV3 and MJ/ψ,ηc = 2mc. The uncertainty bands are
obtained from the combined variations of mc = 1.5 ± 0.1 GeV, with the factorisation µF and the renormalisation µR scales chosen
among the couples (0.5µ0, 2µ0), where µ0 = mT =
√
(4mc)2 + p2T .
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of large values of PTmin = min(PT1, PT2). In fact, we could perform [25] the first exact –gauge-invariant
and IR-safe– evaluation of a class of NNLO contributions at α6s , namely those from gg → J/ψJ/ψ + cc.
In this case, there exist a couple of thousands of graphs (see Fig. 36 (e-h)) which remain non-trivially zero
even after the removal of the topologies with a single gluon connected to an individual heavy-quark lines.
For these ψccψ contribution, there is no need to apply any IR cut-off. We found out that these can indeed
become the dominant CSM contributions but likely not in the phase space accessible at the LHC.
Like we have defined in section 2.1, the fractions, Fdirectψ , F
χc
ψ and F
ψ′
ψ , of single J/ψ produced directly,
from χc decay or from ψ′ decay, one can define various FD fractions for quarkonium-pair production.
However, it would probably be experimentally very challenging to measure (and subtract) the χc + χc yield
as well as that for χc + ψ′. We therefore define Fχcψψ (resp. F
ψ′
ψψ) as the fraction of J/ψ + J/ψ events from
the FD of at least a χc (or resp. a ψ′) decay. Fχcψψ is thus the fraction of events containing one prompt J/ψ
(direct or from χc and ψ′ FD) and one J/ψ identified as from a χc. We also define Fdirectψψ as being the pure
direct component, excluding all the possible FDs, which can be easier to theoretically predict but which is
probably very difficult to measure.
C-parity conservation in the CSM imposes that J/ψ+ηc and J/ψ+χc production necessarily goes along
with an additional gluon –in complete analogy with single J/ψ production. As such, the LO contributions
to J/ψ + ηc only appear at α5s –one graph is drawn on Fig. 36c. In addition, the production of J/ψ + ηc
usually comes with another factor of 1/3 due to the spin counting.
In the case of J/ψ + χc, another suppression comes from the vanishing of the χc wave function at
the origin. However, the latter process could in principle be a source of FD. Although we have explicitly
checked [25] that its contribution is negligible in the phase space accessed by the LHC experiments, one
cannot exclude that it might be enhanced in some of its corners. On the contrary, one expects a significant
FD from the ψ′ within the SPS CSM contributions. Indeed, the CSM hard part for ψ′ + J/ψ and J/ψ + J/ψ
are identical and only |R(0)|2 differ in the calculation at LO in v.
With these definition, taking |Rψ′(0)|2 = 0.53 GeV3 [418], whereas |RJ/ψ(0)|2 = 0.81 GeV3, and
B(ψ′ → J/ψ) = 61.4% [222] as well as accounting for a factor 2 from the final-state symmetry, the ra-
tio of Fψ
′
ψψ/F
direct
ψψ is expected to be as large as 0.53/0.81×0.61×2 + (0.53/0.81×0.61)2 ' 1. In principle, it
is a little larger since σ(χc+ψ′) was neglected in the evaluation of Fψ
′
ψψ. The latter approximation is justified
in view of the above discussed and we explicitly checked it with HELAC-Onia: neither σ(χc + J/ψ) nor
σ(χc + ψ′) are relevant.
If one thus considers that CO contributions are negligible (see next), one can state that σpromptSPS = 2 ×
σdirectSPS and F
ψ′
ψψ ' 50% at any order in αs –but at LO in v.
If one sticks to the simplistic –although widely used– view of the DPS production mechanisms from
2 independent scatterings, one can derive general relations between the FD fractions of the DPS yields
for double and single J/ψ production. Such relations can be used to evaluate the FD impact, but also, by
returning the argument, to test a possible DPS-dominance hypothesis by directly measuring pair productions
involving the excited states, instead of looking for a possibly flat ∆φ distribution –keeping in mind the
aforementioned caveats– or analysing that as a function of ∆y.
Assuming Eq. (38) holds for all charmonia, one gets
Fχcψψ = F
χc
ψ ×
(
Fχcψ + 2F
direct
ψ + 2F
ψ′
ψ
)
,
Fψ
′
ψψ = F
ψ′
ψ ×
(
Fψ
′
ψ + 2F
direct
ψ + 2F
χc
ψ
)
,
Fdirectψψ = (F
direct
ψ )
2.
(40)
The derivation of Eq. (40) for χc follows from the decomposition of the different sources of a prompt J/ψ
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+ a J/ψ from a χc. These are the direct J/ψ + χc, the χc + χc and the ψ′ + χc FD. Their cross section with
the relevant branchings can then be written in terms of single quarkonium cross sections using Eq. (38)
taking care of not double counting χc + χc. Their sum divided by the cross section for a pair of prompt J/ψ
decomposed in this way then reads as Eq. (40) following the standard definitions of Fχcψ , F
ψ′
ψ and F
direct
ψ .
In order to obtain numbers, let us recall (see section 2.1) that Fdirectψ , F
χc
ψ and F
ψ′
ψ are respectively close
to 80%, 13% and 7% at low PT and 65%, 28% and 7% at high PT . Accordingly, we thus have, at low PT ,
Fχcψψ ' 25%, Fψ
′
ψψ ' 15%, Fdirectψψ ' 65% and, at low PT , Fχcψψ ' 50%, Fψ
′
ψψ ' 15% and Fdirectψψ ' 40%. Let
us however note that, although Fχcψψ and F
ψ′
ψψ are experimentally accessible via σ((χc → J/ψ) + J/ψ) and
σ((ψ′ → J/ψ) + J/ψ), they are not sufficient to determine the pure direct yield since Fdirectψψ , 1−Fχcψψ−Fψ
′
ψψ.
Its extraction also requires the measurement of σ(χc + ψ′).
The figures from the above discussion are gathered in Tab. 9.
(CSM) SPS Low PT DPS High PT DPS
Fψ
′
ψψ 50% 15% 15 %
Fχcψψ small 25% 50%
Table 9: Expectations for two FD factors in di-J/ψ production.
COM/NRQCD studies. COM contributions to di-J/ψ hadroproduction were first computed at LO by
Qiao et al. [416] and Li et al. [407] in 2009. However, their computations were based on the fragmentation
approximation which did not allow them to compute PT -integrated cross section which could be compared
to the LHCb data for instance. In fact, the comparison done by Li et al. [407] at low PT between the
CS and CO rates was misleading as shown in 2010 by Ko et al. [406] who performed the first complete
calculation of the 3S [8]1 +
3S [8]1 channel. The formula for the S -wave CO amplitude is similar to that for CS
state production with the following formal replacements for CO in Eq. (39)
δci,c j√
Nc
→ √2T acic j ,
Ri(0)√
4pi
→
√
〈Oi(2s+1S [8]J )〉√
(2J + 1)(N2c − 1)
, (41)
where T acic j denotes the usual Gell-Mann matrix elements. Because they only considered the
3S [8]1 +
3S [8]1
channel, their computation is also probably reliable only at large PT . In addition, one could argue [405] that
NLO corrections to sub-leading PT channels at LO could be large like in the inclusive J/ψ case.
That being stated, Ko et al. [406] found out that the 3S [8]1 +
3S [8]1 channel was contributing less than 0.5
% of the CS yield for the PT integrated cross section at
√
s = 7 TeV for |yψ| < 2.4 using 〈O(3S [8]1 )〉 =
3.9 × 10−3 GeV3 from [325]44. Of course, such a statements heavily depends on the chosen LDME values
as the cross section is proportional to its square.
We have also investigated [25] the possible impact of CO channels in the context of the comparison
with CMS data which we discuss later. Having at hand a NLO? computation we could, for the first time,
44 The other relevant parameters used were mc = 1.5 GeV, µF = µR =
√
4m2c + (P
J/ψ
T )2 and |R(0)|2 = 0.94 GeV3. As for the
PDFs, CTEQL was used.
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make reliable comparisons at the level of PT -differential cross section. In particular, we have evaluated the
contribution from 3S [8]1 +
3S [8]1 and
1S [8]0 +
1S [8]0 –the latter was considered for the first time by He and
Kniehl in [405] which constituted the first complete LO NRQCD study.
In order to make quantitative statements, we used the 1-σ upper value of the 3S [8]1 (resp.
1S [8]0 ) LDMEs
of the NLO prompt fit of [311], i.e. 2.83 × 10−3 GeV3 (resp. 5.41 × 10−2 GeV3). These are compatible
with the LO direct fit of [326] and are the only ones not dramatically overshooting the low-PT single J/ψ
data [65] (see section 2.2.6). We however stress that such a value of 〈O(1S [8]0 )〉 is 10 times larger than the
upper limit set by the ηc hadroproduction data and should thus be considered as a conservative upper limit.
As we were looking for an upper value, we disregarded the 3P[8]J +
3P[8]J contribution which is negative
with this LDME choice. We found that CO+CO channels are nowhere important when PψT < 50 GeV
(see Fig. 39). We will come back to the description of these results later.
This upper limit of the COM yield always remains smaller than the CS one except for |∆y| > 2.5 (last
bin in Fig. 39b) and Mψψ > 40 GeV (last two bins in Fig. 39c). These regions are however prone to
DPS contributions as we have seen and will see again. In addition, the CS SPS can receive significant α6s
contributions there. The only kinematic distribution where the CO contributions might show up is that of
PTmin (Fig. 39d) as it has a similar size and the same dependence as our partial NNLO evaluation. The
cross section is however probably not measurable there. Let us end the discussion on a word about possible
mixed CO+CS channels. If one analyses their graphs, one can see that they do not benefit from any PψT
enhancement at LO and these are thus simply suppressed by the LDME. We expect them to contribute at
the per cent level, not more.
As aforementioned, the first complete LO NRQCD study was performed in 2015 [405] –using NLO
LDMEs. Their results are qualitatively similar to ours which are described above but their conclusion differ
from ours as regards the possible relevance of the COM in di-J/ψ production at colliders. In any case, we
think that only a full NLO NRQCD analysis could close the debate.
In addition, it was shown in 2018 by He et al. [419] that NRQCD breaks down in presence of two P
waves and that new types of operators should be introduced to extend NRQCD. Whereas possible similar
issues are anticipated for di-ψ production, it is not clear yet how much the phenomenology will be affected
and whether it would be for the entire phase space or for specific configurations where the quarkonia are for
instance close to each others and whether it will also affect the CS contributions which dominate in most of
the phase space.
CEM expectations. To the best of our knowledge, there does not exist any published computation of the
production of di-ψ in hadroproduction within the CEM. In general, it amounts to compute the cross section
for i j → cccc with the usual CEM invariant mass cut. Considering i j → cccc should indeed be sufficient
to compute ∆y or mψψ distribution. To obtain a non trivial P
ψψ
T spectrum, it would however be necessary to
consider partonic sub-processes such as i j→ cccck (i, j and k label any possible parton).
However, using a slightly tuned version of MadGraph5_aMC@NLO [364] to account for the CEM
invariant-mass cuts (see also 2.4.2), a LO computation is easily carried out. Fig. 38 show the invariant-
mass and rapidity-separation dependences of the di-J/ψ in the CMS acceptance (namely with their yJ/ψ and
PJ/ψT cuts). We note that the differential cross section is unsurprisingly similar that of the COM channels
and well below the data values [376].
Comparisons with the experimental data. Having set the theory scene, we can now discuss the com-
parisons with the LHC and Tevatron data, which we have already anticipated for the case of the first LHCb
data at 7 TeV. We have concluded that both CSM SPS and DPS contributions were in the ballpark of the
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Figure 38: (a) Mψψ and (b) ∆y differential cross section for di-J/ψ production compared to the CMS data (see later) at
√
s = 7 TeV
in the CEM at LO with PLOJ/ψ = 0.8%. Taken from [420].
data showing large uncertainties. They are summarised on the first line of Tab. 10. The theory is clearly
above the data. However, the DPS yield is quoted for σeff = 8.2 mb for a reason which we explained later.
Yet, even with σeff = 14.5 mb, as used by Kom et al. [24], the sum of the SPS and DPS would be above the
data.
The CMS sample [116] significantly differs to that of LHCb because of PT cuts ranging from 6.5 to 4.5
GeV. Not only this significantly reduces the cross section but this imposes to rely on an NLO(?) analysis.
The values quoted in Tab. 10 clearly shows the importance of the QCD corrections with an integrated cross
section multiplied by 5 from LO to NLO?. Such an enhancement is in fact necessary to get a near agreement
with the data.
CMS released in addition 17 data points of differential cross sections as a function of PψψT , |∆y| and Mψψ
which we compared with our NLO(?) CS evaluation [25]45. To predict the corresponding DPS spectra, we
have used [25] single J/ψ experimental data to fit σψ as done by Kom et al. [24] which we injected in the
DPS pocket formula. The normalisation was then fixed by σeff which was obtained by fitting the di-J/ψ
data subtracted from our theoretical evaluations of the SPS NLO? yield (green band). We refer to [25]
for the detail of this phenomenological study. Overall, we obtained σeff = 8.2 ± 2.0 ± 2.9 mb, the first
uncertainty being from the CMS-data and the SPS-theory uncertainties, the second being from the single
J/ψ σψ templates. In Tab. 10, the DPS cross sections are quoted with this value.
As regards the differential cross section as a function of the J/ψ-pair PT , P
ψψ
T , Fig. 39a clearly shows
how important the α5s QCD corrections to the SPS yield are. Phenomenologically accounting for the initial
parton kT does not reproduce the data as the smeared LO curve shows46. At NLO, hard real-emissions
45 As regards the PDFs, we used the set CTEQ6L1 for LO (O(α4s)) calculations and CTEQ6M [421] for NLO? (O(α5s)) and
the O(α6s) ψccψ calculations. The SPS uncertainties were obtained by a common variation of mc and µF = µR as ((1.4 GeV, 0.5 ×
mψψT ); (1.5 GeV,m
ψψ
T ); (1.6 GeV, 2 × mψψT )) with mψψT =
(
(
∑
mi)2 + (P
ψ
T )
2)1/2 with ∑mi = 4mc, but for ψccψ where ∑mi = 6mc.
46 The LO kinematics is a 2 → 2 one. As such it generates a trivial PψψT dependence (δ(PψψT )) in the collinear factorisation. We
have therefore accounted for the kT ’s of the initial partons with a Gaussian distribution with 〈kT 〉 = 2 GeV (see [253]) to obtain
fairer comparisons of the PψψT spectra.
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Energy and quarkonium cuts σexp. σ
SPS,prompt
LO σ
SPS,prompt
NLO(?) σ
DPS,prompt
[σ = 8.2 mb]
LHCb
√
s = 7 TeV, Pψ1,2T < 10 GeV,
2 < yψ < 4.5 [113]
18 ± 5.3 pb 41+51−24 pb 46+58−27 pb 31+24−15 pb
D0
√
s = 1.96 TeV, Pψ1,2T > 4 GeV, SPS: 70 ± 23 fb 53+57−27 fb 170+340−110 fb –
|ηψ| < 2.0 [115] (+ µ cuts in
caption)
DPS: 59 ± 23 fb – – 44+7.5−5.1 fb
CMS
√
s = 7 TeV, Pψ1,2T > 6.5 →
4.5 GeV depending on |yψ1,2 | ∈
[0, 2.2] (see the caption) [116]
5.25 ± 0.52 pb 0.35+0.26−0.17 pb 1.5+2.2−0.87 pb 0.69+0.039−0.027 pb
ATLAS
√
s = 8 TeV, Pψ1,2T > 8.5 GeV
and |yψ1,2 | < 2.1 [117]
570 ± 70 fb – 200+350−120 fb 40 ± 0.3 fb
LHCb
√
s = 13 TeV, Pψ1,2T < 10 GeV,
2 < yψ < 4.5 [114]
53.6 ± 3.5 (stat.) ±
3.2 (syst.) pb
– 77+100−45 pb 51 ± 5.7 pb
Table 10: Comparison for σ(pp(p)→ J/ψ+ J/ψ+ X)×B2(J/ψ→ µµ) between the LHCb, CMS, D0 and ATLAS data and theory
in the relevant kinematic regions. The theory predictions are: the SPS prompt yields at LO and NLO? [For LHCb @ 7 and 13 TeV,
the evaluation is a based on LO value rescaled by the NLO K factor from [261]], the DPS prompt yields with σeff fit to the CMS
differential distributions (i.e. 8.2 mb). For the DPS yields for LHCb @ 7 TeV, CMS, D0, the uncertainty is a systematical certainty
from the 3 σψ fits used in the pocket formula (see [25]), and for LHCb @ 13 TeV and ATLAS these are from the experimental
uncertainty on σψ. [For D0, the additional uncorrected µ cuts are P
µ
T > 2 GeV when |ηµ| < 1.35 and total momenta |pµ| > 4 GeV
when 1.35 < |ηµ| < 2.0. For CMS, the detailed cuts are PψT > 6.5 GeV if |yψ| < 1.2; PψT > 6.5 → 4.5 GeV if 1.2 < |yψ| < 1.43;
PψT > 4.5 GeV if 1.43 < |yψ| < 2.2 where in 1.2 < |yψ| < 1.43, the PψT cutoff scales linearly with |yψ|].
recoiling on the J/ψ pair in the real-emission topologies (Fig. 36b) do produce two near J/ψ –as opposed
to back-to-back– with a large PψψT . When one J/ψ has a large PT , there should be another one near it. On
the contrary for the DPSs, such correlations are absent and low PψψT configurations are favoured. There is
no mechanism to enhance the large PψψT configurations and the DPS band exhibits a softer spectrum than
the NLO? SPS one at large PψψT . The “bump” around P
ψψ
T ' 12 GeV simply reflects the kinematic cuts in
the CMS acceptance. Overall, we obtained a good agreement (χ2d.o.f. ' 1.1) with the PψψT distribution when
DPS and (NLO?) SPS are included.
CMS also analysed the relative-rapidity spectrum, dσ/d|∆y|. As aforementioned, the SPS contributions
dominate when |∆y| → 0, while the DPS ones are several orders of magnitude above the SPS ones at large
|∆y|. Fig. 39b displays the comparison with the CMS data. Most of the data are consistent with the sum of
SPS and DPS results, except for the last bin. For this distribution, χ2d.o.f. ' 2.1 with DPS for the 3 σψ fits and
about 2.6 without DPS. This clearly emphasises the relevance of the DPS to account for large |∆y| events.
The CMS acceptance with a rapidity-dependent PT cut renders dσ/d|∆y| flatter but this effect is apparently
not marked enough in our theory curves. More data are however needed to confirm the discrepancy in the
last |∆y| bin.
At PψψT = 0 –where the bulk of the yield lies–, the J/ψ-pair invariant mass, Mψψ, is closely related to|∆y| and its distribution provides similar information than above (see Fig. 39c). One indeed has Mψψ =
2mψT cosh
∆y
2 . Large ∆y –i.e. large relative longitudinal momenta– correspond to large Mψψ. For instance, at
∆y = 3.5 and PT = 6 GeV, Mψψ ' 40 GeV. The Mψψ and dσ/d|∆y| spectra of the CMS indeed reveal the
same conclusion: the DPS contributions is dominant in the region of large momentum differences. At small
Mψψ, SPS contributions dominate and NLO corrections are large –essentially because the CMS data do not
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Figure 39: Comparison of different theoretical contributions with the CMS measurement as a function of the (a) pair transverse
momentum; (b) absolute-rapidity difference ; (c) pair invariant mass, (d) PT of the sub-leading J/ψ. Taken from [25].
cover low PψT . For this data set, χ
2
d.o.f. ' 3.0 with DPS for the 3 fits and about 5.3 without (only NLO?),
which again highlights the importance of the DPS yield.
On Fig. 39 (b-d), the black dashed and solid lines represent what we consider to be the (conservative)
maximum CO yield. These were computed with 〈O(3S [8]1 )〉 = 2.8 × 10−3 GeV3 and 〈O(1S [8]0 )〉 = 5.4 ×
10−2 GeV3. We recall that the latter value is 10 times higher than the (NLO) bound set by the ηc data (see
section 2.3.5). Fig. 38 clearly shows that, for both the Mψψ and |∆y| distributions, the CEM is also unable
to account for the data. The addition of (a significant) DPS would not solve the issue with severe deficit at
low Mψψ and |∆y|.
Based on this discussion, we confirm our conclusion [25] that, in the CMS kinematics, the excess
between the data and these SPS evaluations was due to DPS and that σeff was smaller than the value
extracted with jet related analyses, namely σeff = 8.2 ± 2.0 ± 2.9 mb.
As we explained in the introduction of this section, D0 reported [115] on a value of σeff ' 5.0±2.75 mb
using their separation of the DPS and SPS yields. Such a value is in line with our extraction from the CMS
data. In fact, in Tab. 10, one sees that our “predicted" DPS value agrees with theirs.
Without entering the details of the SPS/DPS ratio D0 extraction, let us however note that it re-
quired [115] them some information on the ∆y distribution of the SPS yield which was taken from LO
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SPS computations. Given the impact of the QCD corrections in the D0 acceptance (compare the LO and
NLO? figures in Tab. 10), such a choice may not be an optimal one.
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Figure 40: Comparison of the NLO? CSM theoretical predictions with the ATLAS measurement as a function of the (a) pair
transverse momentum; (b) absolute-rapidity difference ; (c) pair invariant mass; (d) azimuthal separation.
In 2016 [117], ATLAS reported on an analysis at 8 TeV including the separation of the DPS and SPS
yields relying on a DPS template which they applied in a region where the SPS is expected to be negligible.
Based on this extraction they stated that the DPS accounted for 9.2 % of the yield in their acceptance. Using
their measured value of σJ/ψ in the same kinematical conditions, they could perform their own extraction
of σeff = 6.3 ± 1.6 (stat.) ± 1.0 (syst.) mb.
The PT -integrated cross section is reported in Tab. 10 along with a DPS cross section withσeff = 8.2 mb.
Theirs is just 8.2/6.3 times larger. Comparisons between their cross section and our NLO? predictions were
shown in [117]. Let us however note that we discovered that there had been a confusion during the plotting
procedure. The NLO? cross sections in [117] hold for the inclusive yield, not the fiducial one. As such, all
the red theory histograms should a priori be scaled down by a factor on the order of 6. Fig. 40 shows the
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proper comparison with NLO? fiducial yields. The CSM predictions are not be any more systematically
above the data which looked a bit surprising since only the lower limit of the CSM yield was in agreement
with the ATLAS data. Like for the CMS case, the PψψT distribution is well described by the NLO
? all the
way up to 80 GeV. This is absolutely remarkable.
At low PψψT , we note that the P
ψ
T cut at 8.5 GeV induces a very strong cross-section modulation –as
large as a factor of 10– from the regime where both J/ψ are back to back to the regime where they are near
each other. In this region ISR contributions may be relevant. This is why we complemented our NLO?
prediction by a smearing which indeed brings the unsmeared NLO? much closer to the data. We note that
it has no effect as we go away from the “bump".
The ∆y spectrum is also well accounted for except for the 3 bins at the largest ∆y where the DPS
contributions are expected to fill the gap with the data. From the ATLAS extraction, it however seems
not [117] to be completely the case and there may be a deficit of SPS in this region. Yet one may wonder
whether the ATLAS technique with a single (∆y,∆φ) template is accurate enough in such corners of the
phase space and whether the counts in these bins are not too small.
One observes a similar issue for the large Mψψ values of the corresponding spectrum. However, in
this case, the counts are really low with large fluctuations – some bins only gather a handful of events.
Similar fluctuations are also observed by ATLAS between their extracted DPS and their predicted DPS
yields (see [117]). As such, it would be delicate to draw any further conclusions. Finally, the ∆φ distribution
(dominated by the lowest PT data) is very well accounted for by the NLO? CSM complemented by a
smearing. In particular let us note that both the near and away peaks are reproduced.
Finally, let us also note the significant dependence (up to 70%) of the ATLAS acceptance on the J/ψ
polarisation, especially near the acceptance edges. If the DPS are dominant in these regions, one is then
entitled to use the polarisation measurements of single J/ψ. If the SPS contributions are significant, one
does not know their polarisation as no measurement exist. Polarisation predictions for the NLO? CSM have
been provided in [258].
In 2016 as well, LHCb released [114] the first study of the RUN-II LHC at 13 TeV. This study is
particularly instructive as it suggests that their 7 TeV cross section was probably a lower fluctuation. Indeed,
the 13 TeV cross section is 3 times larger than the 7 TeV one; one would have expected a factor close to 2.
Correspondingly, one sees that the NLO CSM cross section now agrees well with the data leaving
some room for the DPS contribution. Yet the sum of the SPS and the expected DPS contributions with
σeff = 8.2 mb (see Tab. 10) remains a little higher than the data. With σeff = 14.5 mb and the 1-σ lower
CSM value, data and theory nevertheless agree. This would correspond to a DPS fraction of 45 %. We
stress that this value is purely indicative.
In addition, it is very important to note that the scale-induced uncertainties, which indicate the impact of
the missing higher-order QCD corrections, do not give enough information on how the kinematical distri-
butions may be altered by these QCD corrections. The theory uncertainty band should really be considered
as a range within which the distributions may fluctuate at higher orders. To phrase it differently, the scale
theory correlations are not reliable at all. Given that these are as large as a factor 2 (if not more), we would
be a little less assertive of the LHCb interpretation [114] of the kinematic distributions as what regards the
agreements or disagreements with the existing theory predictions.
Some words of conclusion. Taken together, these 5 data sets indicate the presence of different production
mechanisms in different kinematic regions. First, the NLO CS contributions at α5s dominate the yield at
large transverse momenta of the pair, up to 80 GeV. Second, the DPS contributions are clearly important at
large J/ψ-rapidity differences – which also correspond to large invariant masses of the pair. In the CMS and
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ATLAS acceptances, with a significant PT cut on the J/ψ, their integrated contribution is however limited
to 10 % at most.
In addition, we have seen that the CO contributions to the integrated yield is negligible. It may compete
with specific NNLO CS and DPS contributions in some corners of the phase space. However, given the
lack of NLO CO computations and the current precision of the data, it would be adventurous to draw final
conclusions for these very specific regions. Let us also note that the CMS, ATLAS and D0 data point at a
rather low value of σeff between 5 and 10 mb, whereas the LHCb data would better agree with 15 mb than
with lower values.
Based on a first exact –gauge-invariant and infrared-safe– evaluation of a class of leading-PT (P−4T )
NNLO contributions at α6s , one does not expect NNLO CSM corrections to qualitatively change these
conclusions. These happen to be only relevant in the region of large values of PTmin = min(PT1, PT2).
We have also shown how sensitive the FD fractions from the production of an excited charmonium
state with a J/ψ are to the relative DPS/SPS abundances. This follows from the fact that the DPS and SPS
mechanisms are characterised by very different sizes of the J/ψ + χc and J/ψ + ψ′ yields. These should be
measured in regions where the DPS is thought to be dominant. J/ψ + ψ′ yields are probably the easiest to
measured.
In this context, we have finally studied [122] the energy dependence of the DPS & SPS cross sections for
prompt J/ψ production. Fig. 41 shows both SPS and DPS results (for 5 < σeff < 15 mb). As expected from
the increase of the gluon PDFs, the DPS yield takes over the SPS one at high energies. However, we note
that the crossing point heavily depends on σeff . Studies at lower energies (RHIC and LHC in the fixed-target
mode, AFTER@LHC [140, 147]) may crucially complement those at Tevatron and LHC energies.
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3.2.3. Bottomonium-pair hadroproduction
The first theoretical analysis of di-Υ hadroproduction in the CSM was carried out by Li et al. [407] back
in 2009 in which they evaluated the cross section for the Tevatron and LHC kinematics. Ko et al. [406]
confirmed their results one year later. These computations follow exactly the same lines as of the di-J/ψ
case and we do not repeat their description here.
Unfortunately, these studies did not address the theoretical uncertainties which are expected to be large
for such processes with a strong sensitivity of the b-quark mass and the renormalisation scale, nor did they
consider the FD effects. A third study by Berezhnoy et al. [408] went into more details with an estimation
of the FD from di-Υ(nS ) on the order of 30% – that from χb(nP) + Υ(nS ) or χb(nP) + χb(nP) is expected to
be smaller. They also evaluated the theoretical uncertainties on the order of 50% upwards and downwards –
not including those from the b quark mass, though. The choices of the parameters were essentially standard
in all 3 computatons and the possible differences would in any case be irrelevant in view of the expected
uncertainties.
In 2015 [122] (see also [409]), we performed a study (with a complete uncertainty analysis) for the
conditions reached in the fixed-target mode at the LHC (AFTER@LHC), namely with
√
s = 115 GeV. The
obtained cross section are however too small to expect to measure this reaction with the projected yearly
luminosities [140, 146, 422, 147] of 10 fb−1.
As far as the CO computations are concerned, that of Li et al. [407], being based on the fragmentation
approximation, does not provide any informative results for the regions currently accessible at the LHC.
On the other hand, Ko et al. [406], who however performed a fixed-order computation, only considered the
3S [8]1 channels. We believe this to be only justified at large PT as well.
In any case, the CO contributions to the PT -integrated cross section are down by a factor as large as 100
compared to the CS ones. The inclusion of the 1S [8]0 and
3P[8]J channels or the mixed CS+CO contributions
should also have a very minor impact. Ko et al. also analysed the PT -differential cross section and claimed
that the CO 3S [8]1 contributions could become dominant for PT around 20 GeV. We nevertheless do not
believe that it will be the case since, in this region, the NLO CS yield will significantly be larger due to the
PT -enhanced α5s corrections as observed for the di-J/ψ case [258, 25].
There is currently no evaluation of the FDs when CO are considered. We however do not see specific
reasons why it would deviate from that evaluated using the CS channels only.
Let us now briefly compare these expectations with the cross section measured by CMS at
√
s = 8 TeV
for |yΥ| < 2.0. They collected a limited sample [121] of 40 events which however allowed them to perform
the following determination of the cross section (without any branching):
σΥΥ = 68.8 ± 12.7 (stat) ± 7.4 (syst) ± 2.8(B) pb . (42)
In addition to the quoted uncertainties, let us note that a significant uncertainty arises from the unknown Υ
polarisation in this reaction. It nearly amounts to an additional 40 % uncertainty upwards and downwards.
According to the aforementioned theoretical computations [407, 406, 408], slightly corrected to match
the rapidity range of the CMS measurement, the expected CS prompt yield would be 26 ± 13 pb (not
accounting for the unknown mass uncertainty which should be large). This number is slightly below the
CMS data. Given the current uncertainties, this is only a hint of a possible underestimation. No published
CEM results exist. A quick LO evaluation yields [376] a cross section below 0.2 pb.
A natural question then concerns the expected size of the DPS contributions. In fact, it can easily be
estimated thanks to the quoted single Υ cross section in the same kinematical conditions, namely σΥ =
7.5 ± 0.6 mb. Let us add that we do not agree with the way σeff is estimated in [121]. We prefer to use
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7.5 mb inspired from the di-J/ψ case discussed above. Doing so, the DPS cross section is readily evaluated
to be 4±2 pb –our quoted uncertainty is meant to account for the possibility of σeff ranging from 4 to 15 mb.
It thus seems that the impact of the DPS in di-Υ production at the LHC in the central rapidity and low PT
region is below 5%. More statistics is of course needed to see if its impact becomes significant at large ∆y.
3.2.4. Charmonium-bottomonium-pair hadroproduction
Before the measurement by D0 [120], theory predictions for the simultaneous production of a charmonium
and a bottomonium were reported in [406, 423]. This reaction is remarkable in the sense that its CS con-
tributions are expected to be suppressed since the direct CS LO contributions only appear at O(α6s). This is
an additional α2s suppression compared to double-charmonium and double-bottomonium production, which
we have just discussed.
As such, it was proposed to be a golden channel to probe the COM at the LHC [406]. So far, the fact that
the (SPS) yield should be dominated by COM contributions has never been contradicted –unlike the case of
J/ψ +W which we discuss later. However, whether or not this makes this reaction a golden-plated probe of
the COM crucially depends on the observability of the SPS yield in the presence [423] of substantial DPS
contributions .
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Figure 42: (a) Representative graphs specific to J/ψ + Υ production: (a1) CS Double Real emissions (DR); (a2) CS Loop Induced
(LI); (a3) CS Electroweak (EW); (a4) Colour Octet (CO); (b) ∆φΥJ/ψ-differential cross section in the D0 acceptance compared to
thyoure various SPS contributions and that of the DPS for different σeff . Taken from [123].
Colour octet (CO) contributions can appear at O(α4s) but remain suppressed by the small size of the
CO LDMEs. Along the lines of [406], one should be entitled to consider only the cc(3S [8]1 ) + bb(
3S [8]1 ),
cc(3S [1]1 ) + bb(
3S [8]1 ) and cc(
3S [8]1 ) + bb(
3S [1]1 ) channels and to neglect the other channels. Such an approx-
imation however strongly relies on the validity of the velocity scaling rules of the LMDEs and thus may
not be reliable. Until recently, the complete computation accounting for all the possible channels up to v7
in NRQCD was lacking in the literature: there are indeed more than 50 channels at LO in αs contributing
to ψ + Υ production. Thanks to the automation of HELAC-Onia [252, 253], we carried out [122] the first
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computation for AFTER@LHC at
√
s = 115 GeV. J/ψ + Υ events are at the limit of detectability with two
years of data taking (20 fb−1).
Following the D0 measurements [120], Shao and Zhang [123] performed the same computation for the
Tevatron energies, with the notable addition of the α6s CS contribution (DR and LI) as well as EW contribu-
tions. These are depicted on Fig. 42b and the corresponding ∆φΥJ/ψ-differential cross section is shown on
Fig. 42 along with the D0 data. This computation remains the state-of-the-art for this process. Contrary to
di-ψ and di-Υ production, a LO CEM evaluation would yield cross sections close to that measured by D0.
This may be in line with the small impact of the CS channels. This therefore deserves a careful study [376].
D0 reported an extraction of σeff = 2.2±0.7 (stat.) ±0.9 (stat.) nb assuming their yield to be dominated
by DPSs. Thanks to their complete SPS analysis, Shao and Zhang [123] instead derived an upper limit,
σeff ≤ 8.2 mb at 68% CL without the need for such an assumption.
3.3. Quarkonia and vector bosons
The associated hadroproduction of a J/ψ or an Υ along with a W boson or a Z boson has been motivated
by many theoretical studies. The measurement of J/ψ + W was for instance proposed to probe the COM
via gluon fragmentation. J/ψ + γ hadroproduction and photoproduction should allow one to probe many
novel aspects of the gluon content in the proton or to test our understanding of the quarkonium-production
mechanism. J/ψ+γ production in e+e− annihiliation and γγ fusion was also proposed as a test of NRQCD.
On the experimental side, with the advent of the LHC, the observation of the associated production of
a quarkonium and a W/Z became possible. Pioneering studies of CDF at the Fermilab-Tevatron [424, 425]
were motivated by the search for a charged Higgs, H±, decaying in a pair of Υ + W± for instance. In
2014, ATLAS succesfully observed for the first time the simultaneous production of J/ψ + W [111] and
J/ψ + Z [112]. Similar processes involving bottomonia have never been observed.
As often in quarkonium physics, these new measurements seemed to introduce new puzzles when com-
pared the existing computations. However, just like for quarkonium-pair production, it is very likely that
the DPS in fact play the major role, at least at the LHC. As a consequence, this forces us to reconsider the
earlier motivations brought in for their studies.
In the following, we will briefly review these theoretical predictions and the impact of DPS in the light
of both ATLAS measurements
3.3.1. Associated hadroproduction with a Z
Whereas the corresponding SPS process may give us complementary information on quarkonium produc-
tion if it happens to be experimentally accessible at the LHC, it also offers an interesting theoretical play-
ground for the understanding of the QCD corrections in quarkonium-production processes. Indeed, as can
be seen on Fig. 43, the structure of the QCD corrections is very similar to that of single J/ψ or Υ with the
notable difference –apart from the emission of a colourless particle in the final state– that the natural scale
of the process would be much higher.
In particular, it offers a nice case to study the alteration of the quarkonium polarisation by the QCD
corrections at large PT . It also allows for a check, with yet another process, of the NLO? procedure and
for the confirmation of our understanding of the effect of new topologies opening at NLO and of the scale
dependence in such a multi-scale process.
Pioneer studies of its SPS cross section were carried at LO in NRQCD (CS+CO channels) around
2000’s [426, 427] with the conclusion that “The dominant production mechanism involves the binding of
a color-octet bb pair into a P-wave bottomonium state which subsequently decays into Υ" [426]. To date,
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to the ellipsis are taken as on-shell and their relative velocity v is set to zero.
only two NLO analyses were reported, in fact bearing on the direct yield. The first in fact only focused on
J/ψ + Z [428] and it is not strictly speaking a complete NLO NRQCD analysis despite having considered
both CS and CO contributions. Indeed the 3P[8]J transitions –notably more complicated to evaluate– were
not computed and, as we know now, a small value of the corresponding LDME would contradict single-J/ψ
data (see section 2.3). One year later, we reconsidered [259] the sole CS contributions both for J/ψ + Z
and Υ + Z, corrected a mistake in [428], presented first polarisation results and argued, owing to the scale
dependence of the process, that a reasonable choice for the scales is rather MZ than
√
M2J/ψ + P
2
T as used
in [428].
When the ATLAS collaboration released its study [112], they obviously attempted to compare their data
to these NLO predictions. They first realised that DPS contributions were probably significant, then noted
that the aforementionned predictions were well below their analysis. We will review all these aspects in the
following and argue that in fact the ATLAS data agree with theory, but not quite how predicted.
In such electroweak processes, the identification of the leading contributions is quite intricate. The gluon
fusion does not necessarily dominate under all production mechanisms. Owing to the presence of a quark
line, from where the electroweak boson is emitted, the off-shell-photon production can also contribute. For
all these reasons, we find it better to start the discussion with the simpler case of direct production by CS
transitions, leaving aside first these QED contributions.
This is what we did in 2012 [259] since we were intrigued by the unusual behaviour of the CS PT
differential cross section –with a LO yield larger than the NLO at large PT found by Mao et al. [428] –which
was in fact later corrected. Indeed, as aforementioned, the normal expectation was a very similar behaviour
as that of single-vector-quarkonium production, with a large –positive– impact of the NLO corrections,
at least at large PT . It was then natural to check that nothing unusual occurred for this process and that
we could rely on the order of magnitude of the LO evaluation as the expectation of possible experimental
measurements.
CSM contributions. We will outline its computation with some basic reminders. The matrix element to
create a 3S 1 quarkonium Q with a momentum PQ and a polarisation λ accompanied by other partons, noted
j, and a Z boson of momentum PZ reads
M(ab→ Qλ(PQ) + Z(PZ) + j) =
∑
s1,s2,i,i′
N(λ|s1, s2)√mQ
δii
′
√
Nc
R(0)√
4pi
M(ab→ Qs1i Q
s2
i′ (p = 0) + Z(PZ) + j), (43)
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with the same definition as in Eq. (??). LO cross sections can be evaluated by automated code such as
MadOnia [262], HELAC-Onia [252, 253]. The semi-automated framework FDC [272] further allows one to
advance its computation to NLO in αs along with that of the polarisation coefficient λθ (or α).
At LO, there is only a single partonic process at work, namely gg → QZ –completely analogous to
gg → Qγ for Q-prompt photon associated production– with 4 Feynman graphs to be evaluated. One of
them is drawn on Fig. 43a. The NLO contributions can be divided in two sets: that of the virtual corrections
which arise from loop diagrams (Fig. 43b), the other gathers the real (emission) corrections where one more
particle appears in the final state (Fig. 43c-43e). To be complete, the real corrections (Fig. 43c-43e) come
from three parton level sub-processes:
g + g → 3S [1]1 + Z + g, (44)
g + q(q) → 3S [1]1 + Z + q(q), (45)
q + q → 3S [1]1 + Z + g, (46)
where q denotes light quarks with different flavours (u, d, s). Since the scale of the process is large because
of the presence of the Z boson, one could consider the heavy-quark-gluon fusion contribution, gQ →
3S [1]1 +Z+Q, in a 4(5) flavour scheme (FS), resumming logarithms of µF and mQ. In a 3(4) FS, it corresponds
to gg → 3S [1]1 + Z + QQ analogous to gg → 3S [1]1 + g + QQ which we considered in [57]. The latter
however appears at α3sα and was left for future studies. Such channels might become relevant when high
PQT associated events can be collected.
In the following, we show our results for |yJ/ψ| < 2.4 –the usual J/ψ acceptance for the CMS and
ATLAS detectors– at 8 TeV 47 for the renormalisation and factorisation scales set at mZ . We have kept48
the cut PJ/ψT > 3 GeV. Our result at
√
s = 8 TeV are depicted on Fig. 44a. The dotted blue line is our LO
result and the solid grey line is our prediction at NLO. It is obvious, contrary to what was obtained in [428],
that the yield at NLO is getting larger than at LO for increasing PT . This is similar to what happens in the
inclusive case. This is also indicative that new leading-PT topologies, in particular t-CGE, start dominating
rather early in PT despite of the presence of a Z boson in the process. At PT = 150 GeV, the NLO yield is
already ten times that of LO.
Along the same lines as for J/ψ, we have also evaluated the cross section for direct-Υ+Z (see Fig. 44b).
We have set the factorisation and renormalisation scales at the same value, namely µF = µR = mZ , and we
used the same PDF sets as for the J/ψ+Z case. Let us note that the CS cross sections for J/ψ+Z and Υ +Z
production are of similar size for this specific process where the Z mass is the most relevant scale .
As we announced, the current process is very interesting theory-wise to study the relevance of the
NLO? method, which we evaluated with MadOnia [262], slightly tuned to implement an IR cut-off on all
light parton-pair invariant mass. On the way, let us note the LO cross section has also been checked with
MadOnia. The procedure used here to evaluate the leading-PT NLO contributions is exactly the same as
in [60] (see section 2.2.1) but for the process, pp→ J/ψ + Z + jet. Namely, the real-emission contributions
at αα3s are evaluated using MadOnia by imposing a lower bound on the invariant mass of any light parton
pair (smini j ). The underlying idea in the single quarkonium case was that for the new channels opening up at
NLO which have a leading-PT behaviour w.r.t. to LO ones (for instance the t-CGE), the cut-off dependence
47 The parameters entering the evaluation of the cross section as well as additional plots for 14 TeV can be found in [259]. The
cross section at 13 TeV is 12 % smaller than at 14 TeV.
48 Note that we could have evaluated the cross section for lower PT where the cross section is well behaved. However, we do
not expect –at least in the central region– any experimental measurement to be carried out in this region owing to the momentum
cut on the muons because of the strong magnetic fields in the ATLAS and CMS detectors.
85
 1e-07
 1e-06
 1e-05
 0.0001
 0.001
 0.01
 0.1
 1
 25  50  75  100  125  150
dσ
/d
P T
 
x 
Br
 (fb
/G
eV
) 
PT
J/ψ (GeV)
sqrt(s)=8 TeV
µR=µF=mZ
|yJ/ψ| < 2.4
NLO
LO
(a) J/ψ + Z @
√
s = 8 TeV
 1e-06
 1e-05
 0.0001
 0.001
 0.01
 0.1
 0  25  50  75  100  125  150
dσ
/d
P T
 
x 
Br
 (fb
/G
eV
) 
PϒT (GeV)
sqrt(s)=8 TeV
µR=µF=mZ
|yϒ| < 2.4
NLO
LO
(b) Υ + Z @
√
s = 8 TeV
Figure 44: Differential cross section for direct Q+Z in the CSM vs. PT at LO (blue-dashed) and NLO (grey-solid) with µF = µR =
mZ . Taken from [259].
should decrease for increasing PT since no collinear or soft divergences can appear with this topologies at
large PT . For other NLO channels, whose Born contribution is at LO, the cut would produce logarithms of
si j/smini j , which are not necessarily negligible. Nevertheless, they can be factorised over their corresponding
Born contribution, which scales as P−8T , and hence they are suppressed by at least two powers of PT with
respect to the leading-PT contributions (P−6T ) at this order. The sensitivity on s
min
i j should vanish at large
PT . As we saw, this argument has been checked in the inclusive case for Υ [60] and ψ [61] as well as in
association with a photon [257] (see section 3.3.3). Because of the presence of the Z boson mass, it is not
a priori obvious that t−CGE topologies dominate over the LO ones. It was thus not clear at all how such a
procedure to evaluate the NLO? yield can provide a reliable evaluation of the full NLO of J/ψ + Z. In fact,
at mid PT , significantly below the Z boson mass, the difference of the PT dependence of the NLO and LO
cross sections is maybe not large enough for the dependence on smini j to decrease fast. Having at hand a full
NLO computation, we can carry out such a comparison and better investigate the effect of QCD corrections
in quarkonium production.
The dominance of t-CGE topologies hinted at by the LO vs. NLO comparison can be quantified by
another comparison to the results from the NLO? evaluation. The various dotted lines on Fig. 45 show the
NLO? evaluation for different cut-off values. Two observations can be made: 1) they converge to the NLO
steadily for increasing PT , 2) for PT > mZ , the NLO? evaluations are within a factor of 2 compatible with the
complete NLO yield. This confirms that loop corrections are sub-leading in PT and can be safely neglected
for PT larger than all the masses relevant for the process under consideration and that new topologies
appearing at NLO, the t-CGE ones, dominate at large PT . At low PT , where the NLO and LO yields are
similar, the NLO? overestimate the NLO. It would be very interesting to apply the method recently proposed
by Shao [74] for a “nLO” evaluation.
As announced, we believe that a scale close to mZ , rather than the transverse mass of the J/ψ taken
in [428], is more appropriate. A similar choice was for instance done for Z + b−jet [429] which is a very
similar process. Whereas the final numbers do not vary too much from one choice to the other, the default
scale choice significantly affects the scale sensitivity.
Fig. 46 displays the scale sensitivity at low PT around both these choices of a “default” scale, µ0, (a)
mT and (b) mZ . With µ0 = mZ , the cross section at NLO is more stable, except for a bump at mt [to be
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long-dash dotted). Taken from [259].
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Figure 46: (a) Renormalisation and factorisation scale dependence of the LO and NLO yield for PT > 3 GeV with µ0 = m
J/ψ
T . (b)
Same plot as (a) for µ0 = mZ . Taken from [259].
corrected by properly setting the value of Λ[6] in the running of coupling constant (currently 0.151 MeV
with mt = 180 GeV), which matters for µR > mt]. Taking µ0 = mT ,the NLO results are clearly unstable
and they even may then artificially be enhanced.
Since the real emission contributions at αα3s dominate for PT & mZ/2, the yield scale dependence
should correspondingly be affected. At low PT ( mZ), we expect a reduced scale dependence since we
indeed benefit from the NLO precision. At large PT , the leading process becomes pp→ J/ψ + Z + parton.
The loop contributions are small and are not expected to reduce the scale sensitivity. In fact, we expect
a larger sensitivity on the renormalisation scale, µR, as the leading process shows an additional power of
αs(µR). Such an evolution of the scale sensitivity can explicitly be analysed by varying µF and µR together
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and then µR alone by a factor 2 about the “default” scale mZ for 3 PT regions, i.e. PT ≥ 3, 50 and 150 GeV.
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Figure 47: Scale dependence of the yield at LO (a) and NLO (b) for PT > 3 GeV, PT > 50 GeV, PT > 150 GeV where both µR and
µF are varied together (µF = µR, solid lines) about µ0 = mZ and only µR is varied (µF fixed, dashed lines). For simplicity, α(EM) has
been kept fixed. Taken from [259].
As anticipated for PT >∼mZ (red curves), we observed on Fig. 47, a stronger scale sensitivity of the NLO
yield (b) –at αα3s– than of the LO yields (a)– at αα
2
s . The NLO curve with µF fixed clearly shows that it
essentially comes from µR. At mid PT (orange curves), it is similar at LO and NLO, while at low PT (black
curves), the NLO yield is less scale dependent than the LO.
Although it is likely not observable until the high lumonisity phase of the LHC, we have also analysed
the effect of the QCD correction to the polar anisotropy of the dilepton decay of the Q, λθ or α. The latter
can be evaluated from the polarised hadronic cross sections:
λθ(PT ) =
dσT
dPT
− 2 dσLdPT
dσT
dPT
+ 2 dσLdPT
. (47)
Its evaluation follows the same line as in the inclusive case (see e.g. [59]) and we do not repeat the
procedure here. Several choices of the polarisation frames are commonly used (see [283, 35, 430]) and we
have chosen to work in the helicity frame. Fig. 48 shows our results at 14 TeV for both direct J/ψ + Z
and Υ + Z. The direct-J/ψ yield with a Z boson gets strongly longitudinal for PJ/ψT larger than 5 GeV.
The NLO and NLO? results coincide and the latter is nearly insensitive to the IR cutoff. Interestingly, the
NLO and the LO results are also very similar. This is the first time that such an observation is made for
the CSM. For the J/ψ + X or J/ψ + γ, the LO and NLO yields have a completely different polarisation.
It therefore seems that when a Z boson is emitted by one of the charm quarks forming the J/ψ, the latter
is longitudinally polarised, irrespective of the off-shellness and of the transverse momentum of the gluons
producing the charm-quark pair. This is not so when a photon or a gluon is emitted in the final state. A very
similar behaviour is observed for the Υ where one however notes (Fig. 48b) a slight gap between the LO
and NLO polarisation.
The predictions including COM contributions. Let us now move on to the discussion of the computa-
tions taking into the COM contributions. Even though an NLO evaluation exist, it is instructive to look back
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Figure 48: PT dependence of the polarisation (or azimuthal anisotropy) in the helicity frame of the direct (a) J/ψ and (b) Υ produced
with a Z boson at LO and NLO at
√
s = 14 TeV. Taken from [259].
at LO computations which in fact envisioned more channels. To the best of our knowledge, the first one
was reported in 1998 by Braaten et al. [426] and focused on the Υ. It covered both the CS and CO channels
with a complete consideration of the feed-down, namely for CO channels (all at α2sα, see Fig. 49a-49c)
uu, dd, ss, cc→Z + Υ via (3S [8]1 , 1S [8]0 , 3P[8]J )
gg→Z + Υ via (3S [8]1 , 1S [8]0 , 3P[8]J )
(48)
and, for the CS channels,
uu, dd, ss, cc→Z + γ? → Z + Υ via 3S [1]1 [ at α3]
gg→Z + Υ via 3S [1]1 , 1S [1]0 , 3P[1]J [ at α2sα]
(49)
It is understood that the CS channels other than 3S [1]1 can only contribute to the Υ yield with a feed-down.
These were however found to be small. At the Tevatron, thus for pp collisions, the photon fragmentation
process in qq annihilation (see Fig. 49e) contributes 15% of the CS PT integrated yields. Its contribution is
obviously much smaller in pp collisions and at higher energies.
Q
Z
q
q¯
(a)
Z
Q
(b)
Z
Q
(c)
Q
Z
q
q¯
(d)
Q
Z
q
q¯
γ⋆
(e)
Figure 49: Representative diagrams contributing to Q+Z hadroproduction in the COM at orders (a-c) α2sα, (d) α3sα and in the CSM
at orders (e) α3, which was not considered previously. The quark and anti-quark attached to the ellipsis are taken as on-shell and
their relative velocity v is set to zero. [Q stands for Υ or ψ].
For the CO, the dominant contribution is from 3S [8]1 via qq annihilation (see Fig. 49a) if one uses the
LO LDMEs of Cho and Leibovich [322], yielding a CO cross section about 20 times larger than CS one.
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Since the CO yield is dominated by qq annihilation, this ratio drastically decreases to a mere factor 2-3
at the LHC at 14 TeV. Given the admittedly large uncertainties on the CO LDMEs (easily one order of
magnitude), this first study could not support the conclusion of the dominance of the COM at the LHC
whereas, at the Tevatron, the COM was probably the most important.
Another study by Kniehl et al. later considered [427] the J/ψ+Z and χcJ +Z cases whose cross-section
ratio via CO is approximately 0.2 which, in turn, means that the feed-down from χc is expected to be closed
to 50 % after the consideration of the branchings. Predictions for the PT - and y-differential cross sections
at the Tevatron and at the LHC were also reported. Like for the Υ case, the CO yield largely dominates at
the Tevatron, less than at the LHC, with the same caveat concerning the precision at which the CO LDMEs
are known.
We finally note that the EW CS contribution was not considered in the latter study – like in our NLO CS
one– although it could be relevant at the Tevatron. As noted above, it contributes 15% of the Υ + Z yield.
With the smaller mass of the J/ψ and thus the reduced 1/m4Q penalty for the off-shell photon, this fraction
should be larger for the J/ψ case. In fact, if as stated in [428] for the LHC, the qq → 3S [8]1 + Z channel
dominates the CO J/ψ + Z yield, both CS and CO contributions via photon (resp. gluon) fragmentation
should be of similar magnitude if 〈O(3S [8]1 )〉 ' 10−3 GeV3 as we noted for the J/ψ +W case [357]. We thus
believe that a detailed study of this CS contributions is still needed.
Let us now address the NLO COM computations. As announced, Mao et al. in 2011 reported [428]
on the first NRQCD one-loop computations for J/ψ + Z –so far, there is no such computations for Υ + Z.
However, because of the small impact at LO of the 3P[8]J and
1S [8]0 transitions
49, they did not consider them
in their computation. Whereas this drastically simplifies the NLO computation, it ignores the appearance
of gluon-fragmentation contribution via 3P[8]J and
1S [8]0 (via the graph depicted on Fig. 49d) which have
a crucial importance in single J/ψ contribution. In particular, it softens the PT dependence of all gluon-
fragmentation contribution, including those from 3S [8]1 . We do not see any argument why it would not be so
for J/ψ + Z.
We will not detail here the methodology which they use, which is similar to that we briefly summarised
above for the CS channel. Instead, we summarise their main results. First, using 〈O(3S [8]1 )〉 ' 2.7 ×
10−3 GeV3, their LO CS and CO yields tend to be similar for PψT below 5 GeV. Second, with an admittedly
very small scale choice, namely mT and not mZ , they observed a large K factor close to 5 at low P
ψ
T , reaching
3 at high PψT . Since the K factor for the CS yield at P
ψ
T is significantly below unity (see also [259]) at such
low scales, the ratio CS/CO at NLO is significantly reduced.
CEM as the SPS upper limit. The procedure to compute the J/ψ+ Z CEM cross section exactly follows
from the same lines as for J/ψ + a recoiling parton discussed in section 2.4.2 –here it recoils on the Z– with
the Born hard scattering i j → cc + Z where i, j stand for g, q or q (see Fig. 50). The procedure (invariant-
mass cut, CEM non-perturbative parameter, PDFs, scale variation, etc.) follow the same lines, although
the central scale we take now is µ0 = MZ [259] instead of the transverse mass of J/ψ as done in [428] for
NRQCD. To carry out the computation, we have also used MadGraph5_aMC@NLO slightly tuned to account
for the CEM invariant-mass cut.
The NLO prompt cross section in the ATLAS inclusive acceptance [112] is 0.19+0.05−0.04 pb [49]. This is
twice our estimation of the upper limit of the COM cross section. The K factor for the hard part is 2.8
and the LO CEM yield (with PLO,promptJ/ψ ) is 1.9 times smaller than the NLO yield (with PNLO,promptJ/ψ ). The
quark-gluon fusion channel at NLO is responsible for this large K factor (see Fig. 50c & 50c).
49 Such an observation however does not seem to be obvious along the lines of [431], where different LDMEs were used.
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Figure 50: Representative diagrams contributing to Q+Z hadroproduction in the CEM at order α2sα (LO). In the CEM, the invariant
mass of the heavy-quark pair will be integrated over within the 2mQ and 2mH(Q) where H(Q) is the lightest hadron with the flavour
Q.
As we discussed in section 2.4.2, the CEM PT spectrum of single Q production is too hard because of
the presence of gluon-fragmentation channels scaling like P−4T . For the same reason for which we believe
that the computation of Mao et al. [428] is an upper limit of the COM SPS yield, a CEM computation of the
J/ψ+Z PT -differential cross section is bound to overshoot the data –and any realistic computation– because
of the presence of the very same topologies (see Fig. 50b). The virtues of using the CEM in the present case
are its simplicity, the fact it includes, in a transparent and coherent manner, the feed-downs and, finally, the
fact that we can carry out complete NLO computations.
Comparison with the ATLAS measurement50. In their publication [403], ATLAS compared their data
to these NLO predictions. However they did not directly compare them to their (prompt) yield since they
suspected that a non-negligible part of the yield was probably from DPS contributions. Indeed, their distri-
bution of the events as a function of the azimuthal angle between both detected particles, ∆φ, was showing
a plateau close to 0, whereas a dominant SPS yield –especially from 2→ 2 topologies– would show a peak
at pi, i.e. for back-to-back events. We indeed have to note here that the ATLAS acceptance imposes a rather
large PψT cut of 8.5 GeV, which makes it unlikely that initial-state radiations smear this peak like it was
noted [24, 258, 411] for instance for di-J/ψ at low PψT .
Hence, they evaluated the DPS contribution with the pocket formula Eq. (38) applied to the present case
(in each point of the phase space):
σDPS(J/ψ + Z) =
σ(J/ψ)σ(Z)
σeff
. (50)
by using a value of σeff extracted from their W+ 2-jet analysis [403], that is 15±3(stat.)+5−3(sys.) mb. σ(J/ψ)
and σ(Z) were then taken from experimental data with the same cuts as for σ(J/ψ + Z).
Based on this DPS cross-section evaluation, they could quote a corresponding DPS-subtracted cross
section to be compared with the SPS predictions discussed above. In [403] and in some plots which will be
shown later, the data-theory comparison was done with the ratio of the J/ψ+Z yield over that for Z in order
to cancel some of the experimental uncertainty related to the Z observation, i.e.
promptRDPS subJ/ψ+Z = B(J/ψ→ µ+µ−)
σ(pp→ Z + J/ψ)
σ(pp→ Z) . (51)
50 We noticed that the theory numbers quoted in [112] have probably been misconverted into the ratio R which is compared to
the data (see below).
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This requires one to evaluate σ(Z) under their kinematical conditions51, which is on the order of 500 pb
when multiplied to the Z → e+e− branching.
However, to ease the present discussion, we have converted back all the numbers into the simple
σ(pp→ Z + J/ψ) cross section without any branching but in the ATLAS acceptance52. These are gathered
in Tab. 11. In view of the above discussion of the computation uncertainties (CO LDMEs, scale ambiguity,
incomplete computations and intrinsic uncertainties, . . . ), we prefer to quote a range for the CS yield and
an upper limit for the COM owing to the missing cancellation in the current NLO computation between
the leading-PT S -wave contributions and the uncalculated P-wave ones. Another reason why it would not
make much sense to quote precise values anyway is the large experimental uncertainties the ATLAS data –
much larger in absolute value than the theory ones.
ATLAS DPS (σeff = 15 mb) CSM COM CEM
1.6 ± 0.4 pb 0.46 pb 0.025 ÷ 0.125 pb < 0.1 pb 0.19+0.05−0.04 pb
Table 11: Comparison of the measured PT -integrated cross section of prompt J/ψ+ Z production at 8 TeV by ATLAS to the CSM,
COM and CEM evaluations discussed in the text.. We have not assigned any uncertainty to the DPS yield which is commensurate
to that of the data and to that on σeff .
From the numbers in Tab. 11, one could conclude that the SPS evaluations are misleading because some
channels have maybe been overlooked or because the quoted COM cross section is not reliable. Such a
conclusion would even be supported by the fact that ATLAS “sees" SPS events. Indeed, beside exhibiting
a plateau close to 0, the ∆φ distribution of their events exhibits a significant peak at pi. The fact that the
CEM cross section is also way below the ATLAS cross section is a clear indication against this. Apart
from questioning the reliability of the ATLAS measurement –bearing on an admittedly restricted number
of events and sizeable uncertainties– or from invoking new physics contributions, the only other possibility
left to solve the puzzle is thus to question the size of the DPS yield quoted by ATLAS with σeff = 15 mb.
This is tempting since we have seen that recent quarkonium-related analyses [25, 115, 117] have pointed at
values smaller than 10 mb.
One could indeed argue that the DPS cross section could be 3 times higher, i.e. close to 1.5 pb with a
smaller σeff , on the order of 5 mb close to the values observed for some quarkonium-pair samples. However,
this would normally not agree with a peak in the ∆φ distribution. In [49], we in fact showed that the
measured ∆φ distribution could –contrary to the appearances discussed above– accommodate a DPS cross
section of 1.5 pb, thus compatible with the ATLAS total cross-section.
If one fits σeff to the total “inclusive" ATLAS J/ψ + Z yield, from which one has subtracted the NLO
SPS CEM one, one obtains σeff = 4.7 mb. To do so, one completely relies on the ATLAS evaluation of
the DPS. With σeff = 4.7 mb, the estimated DPS total cross section gets close to 1.5 pb, more than 5 times
larger than the most optimistic estimation of the SPS one.
Going further, one can also derive an upper limit on σeff (corresponding to the smallest acceptable
DPS yield) by subtracting the 1-σ higher value of the NLO CEM yield from the 1-σ lower value of the
51 In [49], we employed MadGraph5_aMC@NLO [364] to calculate it up to NLO. The spin-correlated decay Z → e+e−
was done thanks to MadSpin [432] and the NLO calculation of pp → Z → e+e− was matched to the parton showers provided by
Pythia8.1 [433] via the MC@NLO method [434]. The corresponding cross section was found to be 427 pb with a 20% increase
when the spin correlation and the parton-shower effects are taken into account, i.e. 505 − 520 pb. This value is to compared to
533.4 pb used by ATLAS for their data-theory comparison.
52 For the Z selection : PT (trigger lepton)> 25 GeV, PT (sub-leading lepton)> 15 GeV, |η(lepton from Z)| < 2.5. For the J/ψ
selection: 8.5 < PJ/ψT < 100 GeV and |yJ/ψ| < 2.1.
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ATLAS measurements53. This results in 7.1 mb for the upper limit. If, instead, one assumes that the SPS is
negligibly small, one can extract a lower value for σeff as low as 3.2 mb. Overall, we obtained the following
range : σeff = 4.7+2.4−1.5 mb.
Clearly, with a DPS yield (with σeff = 4.7 mb) up to five times larger than SPS yield, the azimuthal
distribution should not exhibit a structure at ∆φ close to pi. Before addressing the solution to this issue, it is
however needed to discuss the yield as a function of PJ/ψT .
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Figure 51: (a) The J/ψ PT dependence of R: comparison between the ATLAS data [112], the CEM results for J/ψ + Z at NLO
(and LO) and our fit DPS yield in the ATLAS acceptance (b) Comparison between the (uncorrected) ATLAS azimuthal event
distribution and our theoretical results for J/ψ+Z at NLO CEM SPS + DPS effectively folded with an assumed ATLAS efficiency.
Taken from [49].
Fig. 51a shows the PJ/ψT spectrum of R, where the SPS CEM cross section was also computed with
MadGraph5_aMC@NLO and the PT dependence of the DPS yield follows from the one of ATLAS (Table 5
of [112]) with a simple rescaling due to the change in σeff . One notes that the sum of the SPS and DPS cross
sections (in gray) nearly agrees with the ATLAS data, with a slight gap opening at large PJ/ψT . The good
agreement at low PJ/ψT just reflects the fit of σeff . As such, the comparison is rather a consistency check than
a test and the discrepancy at high-PJ/ψT should be further checked both from experimental and theoretical
sides. On the experimental side, let us note that the systematical uncertainties may be a little underestimated;
there is indeed a slight discrepancy in the inclusive single J/ψ production measured by CMS [436] and
ATLAS [375]. On the theoretical side, large logarithms at high PT may need to be resummed.
That being said, Fig. 51a clearly shows that the low-PJ/ψT yield is completely dominated by the DPS
contributions –and thus the total yield– and that the high-PJ/ψT yield is exclusively from SPS contributions.
Based on this observation, we can now turn to the discussion of the problematic ∆φ distribution. This
difference of the SPS and DPS PJ/ψT spectra indeed has an unexpected consequence. First, one should
53 Under the assumption of such a large DPS fraction, the polarisation of the J/ψ in association with Z should be the same as
that produced alone. In such a case, we know that the yield cannot be strongly polarised [435], which narrows the spin-alignment
uncertainties closer to the central value quoted by ATLAS. This justifies to leave aside such uncertainties from our discussion. If
the SPS was dominant, this would not be so.
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note that the ATLAS azimuthal distribution shown in [112] was done with event counts, without efficiency
correction. Second, the ATLAS efficiency is much higher for the last bin in PJ/ψT than for the first bin, up to 3
times in fact. This is visible from the statistical uncertainties in Fig. 51a which remain more or less constant
with a much smaller cross section in the last bin. This means that the events used for the ∆φ distribution are
taken from a biased sample –that collected by ATLAS–, strongly enriched in high-PJ/ψT events.
These high-PJ/ψT events are essentially of SPS origin –thus mostly populating the ∆φ ∼ pi region. Our
claim is that the peak is only visible because of the ATLAS acceptance, not because of a large SPS yield in
general. To phrase it differently, such PJ/ψT -integrated raw-yield distributions cannot be used to disentangle
DPS from SPS contributions, unless they have the same PJ/ψT distribution or the detector has a flat P
J/ψ
T
acceptance. The same of course applies for any other kinematical variable which would be integrated over.
To check our hypothesis, we folded our DPS and SPS PJ/ψT spectra with an estimation of the ATLAS
efficiency [49], plotted and summed the DPS and SPS ∆φ distributions. Thanks to an estimation of the yield
in each bin and the computed SPS/DPS fraction in each PJ/ψT bin, our theoretical SPS and DPS events can
be added, bin by bin in PJ/ψT , in the ∆φ plot with their specific ∆φ distributions –flat for DPS, peaked at
∆φ ' pi for the SPS following our NLO CEM computation.
The resulting distribution is shown on Fig. 51b and demonstrates that increasing the DPS yield by a
factor of 3 does not create any tension with the observed ATLAS event ∆φ distribution if the efficiency
corrections are approximately accounted for in the theory evaluations. Future ATLAS data are eagerly
awaited to confirm this proposed solution to the puzzle.
3.3.2. Associated hadroproduction with a W±
Compared to the associated production with a Z which we just discussed, the production along with a W±
exhibits some interesting differences and similarities as far as the SPS reactions are concerned. First, like for
the Z boson case, the production of a W likely sets a much larger scale than in single quarkonium production
–even at low PT . This is useful in investigating the behaviour of the QCD corrections in this region.
Second, the emission of the boson strongly enhances the likelihood for a light quark line in the reaction,
from which a gluon fragmentation in a CO pair can be emitted (see Fig. 52a). In addition, in the case of
the W, the flavour change however also prevents it to be emitted from the heavy-quark line forming the
quarkonia. This drastically reduces the number of LO CO topologies compared to the Z and γ cases and
facilitates the completion of NLO NRQCD computations [437, 438].
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Figure 52: Representative diagrams contributing to J/ψ+W± hadroproduction (a) in the COM at orders α2Sα, in the CSM at orders
(b) α3Sα and (c) α
3. The quark and anti-quark attached to the ellipsis are taken as on-shell and their relative velocity v is set to zero.
Similar graphs can be drawn for Υ production.
Third, this difference can also impact the CS channels which, for a long time, were thought to be strongly
suppressed as they would only appear through real QCD corrections (see Fig. 52b) or pure electroweak
reactions (see Fig. 52c). As such, one can find in the litterature many claims such as “ψ + W offers a
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clean test of the colour-octet contributions" from [439], “If the J/ψ + W production is really detected,
it would be a solid basis for testing the color-octet mechanism of the NRQCD" from [437] or the less
assertive statements made in [427] where the CS contributions were however considered to be “forbidden
or exceedingly suppressed". In 2013, we tackled the CS case in detail in [357] and showed that these claims
were unjustified.
Fourth, Υ +W+ was once proposed to be a decay channel of a charged Higgs [440] which triggered first
searches at the Fermilab-Tevatron [424, 425]. These were however J/ψ + W events which were observed
first by ATLAS at 7 TeV [111] in 2014.
Of course, all the above discussion applies to the SPS yield, which may not be dominant, as we saw for
the J/ψ + Z case. In fact, like for the discussion of their J/ψ + Z sample, ATLAS uncovered a puzzle. We
will review all these aspects in the following and parallel them to the previously discussed reactions.
Early theory expectations Since, historically, they were the first to be discussed, let us commence the
discussion with the computations taking into the COM contributions. As early as in 1995, that is in the
early days of NRQCD, Barger et al. analysed [439] the relevance of COM gluon fragmentation in a number
of associated production channels, including J/ψ + W, in a simplified set-up only considering the 3S [8]1
contributions in the high-PJ/ψT limit.
A little later, Braaten et al. [426] focused on Υ + W±, which could have been a background for charged
Higgs searches. They considered CS and CO channels with a discussion of the feed-down, namely [for W+]
for CO channels
ud, cs→W+ + Υ via 3S [8]1 [ at α2sα] (52)
and, for the CS channels,
ud, cs→W+γ? → W+ + Υ via 3S [1]1 [ at α3]
cb→W+Υ via 3S [1]1 , 1S [1]0 , 3P[1]J [ at α2sα]
(53)
All other CO contributions are suppressed by an additional factor of αs.
The CS channels other than 3S [1]1 can obviously also contribute to the Υ yield via a feed-down, but
these were found to be small. For the pp collisions at the Tevatron, the photon fragmentation process in
qq annihilation is largely dominant within the CS channels. Its contribution is obviously much smaller in
pp collisions and at higher energies compared to the possible gluon or gluon-light quark fusion channels.
These are however further suppressed (CKM, α2s or PDF), unlike the J/ψ + W case. As discussed in [426],
cb → W+ + Υ –which is also strongly suppressed by the parton fluxes, is supposed to give a representative
account of the QCD-induced CS channels, including gg→ W+ + Υ + bc. However, this was not backed up
by any computation of the latter.
Using the LO LDMEs fit on the Tevatron data by Cho and Leibovich [322], they found out that the
CO contribution was as much as 300 times larger than the CS ones. This seems a little large to us since
both CS and CO contributions via photon (resp. gluon) fragmentation are dominant. In such a case [357],
they should not be so different with 〈O(3S [8]1 )〉 on the order of 10−2 GeV3 [441]. Overall, even though it
is likely that the 3S [8]1 CO contribution via gluon fragmentation dominates, the actual size of the CS/CO
ratio remains uncertain in view of the number of channels which were neglected and the poorly known
bottomonium LDMEs.
In 2002, Kniehl et al. considered [427] the J/ψ + W and χcJ + W cases, but only via CO channels. As
found for the Z case, their cross-section ratio via CO is directly connected to the ratio of the corresponding
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3S [8]1 LDMEs, which happens to be close to 0.2. The feed-down from χc should thus be expected to be close
to 50 % and may play an important role in describing possible data. They also reported on predictions for
the PT - and y-differential cross sections at the Tevatron and at the LHC .
NLO COM computations. In this context, two NLO studies were carried out, the first on J/ψ +W [437]
and the second on Υ +W [438]. As discussed above, the change of the quark-line flavour induced by the W
emission drastically simplifies the computation. As such, the contribution from 1S [8]0 and
3P[8]J transitions
only appear as real-emission corrections, where one gluon splits into a heavy-quark pair which then radiates
a gluon before forming the quarkonium. These are precisely the topologies via which 3P[8]J transitions damp
down the impact of the gluon fragmentation 3S [8]1 channels in single Q production. All the details of the
computations can be found in [437, 438] and follow the lines of the NLO COM computations we have
discussed in e.g. section 2.3.
Before discussing the results of these computations, two comments are however in order since they may
question their overall interpretations. First, we think that the default scale choice employed in [437, 438]
is not realistic. Instead of using mT =
√
m2Q + (P
Q
T )
2, which completely ignores the emission of the W,
we believe that a natural choice for the scale should be close to mW , possibly accounting for PQT variations.
Obviously, as we discussed for the Q + Z cases, such a low value for the scale overemphasises the impact
of the QCD corrections with a probably overestimated value of αs. One could however object that the
presence of different scales in the process may generate large logarithms appearing in further higher-order
QCD corrections and whose importance may be signaled by the large size of QCD corrections observed
with a small scale choice.
Second, the choice of CO LDMEs made in [437, 438] is arguable as LO LDMEs were used. As dis-
cussed above, large cancellations occur at NLO between 3S [8]1 and
3P[8]J transitions when fragmentation
contributions are involved. This is expected to occur both in single Q and Q + W production and strongly
motivates for a coherent choice of LDMEs, that is using LDMEs fit with NLO Q-production computations
to perform NLO Q + W production predictions. There is no reason not to do so since NLO fits on Tevatron
and LHC data exist.
With these caveats in mind, we note that the K factor for J/ψ + W [437] is a little above 4 for PJ/ψT
below 5 GeV and, for PJ/ψT above 20 GeV, constant and close to 3. The
1S [8]0 contributions were found to
be suppressed compared to those from 3S [8]1 and
3P[8]J for increasing P
J/ψ
T . Indeed, the gluon radiated by
the charm-quark line forming the 1S [8]0 pair cannot be soft and the corresponding topology does not scale
as P−4T . The suppression however seems to be stronger than in the single J/ψ case. As expected, the
3P[8]J
contribution is negative and scale like the LO 3S [8]1 . Its overall impact however strongly depends on the
choice of the LDMEs.
In the Υ +W case [438], the K factor was found to be close to 4 for PΥT below 5 GeV –the value is larger
at 14 TeV than at 8 TeV– and reaching a constant value, for PΥT above 30 GeV, close to 3 –also larger at
14 TeV than at 8 TeV. The 3P[8]J contribution was found to be negative and not scaling like LO
3S [8]1 , which
might appear as surprising.
The overlooked CSM contributions. In 2013, we revisited [357] the importance of the CSM to J/ψ+W
production, in particular of two classes of CS contributions which had so far been overlooked, at least in
this case. The first arises for the strange-quark–gluon fusion resulting in a W + c pair where the charm
quark fragments into a J/ψ (see Fig. 52b) . This process is to be paralleled to the leading-PT contribution
to J/ψ + cc [57]. In fact, W + c has been in the past identified as a probe of the strange quark PDF [442].
96
The second class is one of the EW contribution discussed by Braaten et al. [426] for Υ + W. For unclear
reasons, it had been overlooked for J/ψ + W for which it should actually matter more. The J/ψ is simply
produced by an off-shell photon emitted by the quark line which also radiates the W boson (see Fig. 52c); it
is like a vector-meson-dominance contribution.
The latter contribution is clearly enhanced in pp collisions at the Tevatron thanks to the anti-proton
valence anti-quarks. The former contribution should be enhanced at LHC energies in pp collisions with
the gluon PDF getting large at lower x. In any case, as we will see, these CSM processes are not at all
negligible compared to the leading CO contributions (see Fig. 52a) if reasonable values of CO LDMEs are
chosen. In addition, both these Born contributions possess a leading-PT contribution (P−4T ). This means
that they could be significant at low PψT and remain important at large P
ψ
T . This is at variance with the
single-J/ψ-production case where the Born contributions are not leading power in PψT (see section 2.2.1).
We will not repeat here the methodology to compute such contributions. It closely follows the other CS
computations which we already discussed, using the analogous of Eq. (43) where the Z boson is replaced
by a W and the parton flavours are set accordingly. For the record, the processes under discussion are (for
W+)
ud →W+γ? → W+ + J/ψ via 3S [1]1 [ at α3]
gs→W+ + J/ψ + c via via 3S [1]1 [ at α2sα].
(54)
In order to assess their relevance, we also evaluated the LO CO contributions. As we have seen, at LO, the
sole 3S [8]1 channel contribution via
ud →W+g? → W+ + J/ψ via 3S [8]1 [ at α2sα] (55)
All these are Born order processes, free of any divergences and we have computed them with MadOnia [262].
They could also be computed with HELAC-Onia [252, 253]54. For the CO cross section, we have set
〈O(3S [8]1 )〉 to 2.2 × 10−3 GeV3, i.e. a value inspired by the recent global NLO analysis of Butenschön
and Kniehl [311], yet compatible with the central value of the sole LO fit on LHC data by Sharma and
Vitev [326] (with extremely large uncertainties though). This value is also on the order of what was obtained
by the NLO PKU fit [102]. Using a NLO LDME fit for LO computations is however not ideal; it is
nevertheless the best one can do, the reverse not being true. Obviously, one should then avoid negative
NLO LDME values like those of the early IHEP fit [101]. It is also important to recall that our choice is
also close to the LO analysis of [325] and from analyses which partially took into account QCD corrections
[340, 99]
Our LO results for the differential cross sections in PψT are shown in Fig. 53 for the Tevatron (a), and
for the LHC 14 TeV (b). We note that the corresponding COM results are compatible with those discussed
above of [427] and the LO of [437] provided that the differences in the choices of the scales, of the LDME
and of the kinematical cuts are accounted for.
At the Tevatron, the COM contribution (orange band) is indeed much larger than that of the CSM via sg
fusion (dark green band). Yet, the CSM contribution55 via γ? (light blue band) is of similar size. At LHC
54 For the cross-section evaluation, apart for the usually CS and SM parameters, we have generated uncertainty bands for the re-
sulting predictions from the combined variations of the heavy-quark mass within the range mc = 1.5±0.1 GeV, with the factorisation
µF and the renormalisation µR scales chosen among the couples ((0.75, 0.75); (0.75, 2); (1, 2); (1, 1); (2, 1); (2, 0.75); (2, 2)) × mW .
55 To be precise, let us note that the light-blue band in fact contains also other electroweak contributions appearing at the same
order, like i.e. via Z?. This contributions is however strongly dominated by processes via γ?.
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Figure 53: Differential cross section at LO for J/ψ + W vs. PψT for the Tevatron (a) and the LHC (b). The orange band is for the
COM while the light blue, dark green and blue bands are for the CSM via γ?, via sg fusion and total contributions, respectively.
Taken from [357].
energies, the three contributions equally contribute and the CSM cross section is thus about twice as large
as the COM one at 14 TeV and at large PT (see Fig. 53b). It is thus clear, contrary to earlier claims in the
literature [439, 437], that J/ψ in association with a W boson is not a clean probe of the COM, whatever the
PψT . The Born CSM contributions are indeed already leading PT .
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Figure 54: yJ/ψ differential cross section at LO for J/ψ + W for the LHC at 8 TeV (a) and 14 TeV (b). The colour code is the same
as in figure 53. Note that these results are obtained without cut on the J/ψ PT . Taken from [357].
In addition to the PT dependence, we present in Fig. 54 the CSM results for the differential cross sections
in yJ/ψ for the LHC at 8 TeV (a) and 14 TeV (b). One observes that the CSM yields via γ? and via sg fusion
are of the same order at the LHC energies, with an increasing proportion of sg fusion as the energy increases
and the effect of the valence quarks enhancing the qq′ contribution when one reaches large rapidities.
It is well known that experimental analyses of W production are usually performed via their leptonic
decay, in particular µ+νµ. Such events are tagged by the missing transverse energy carried by the undetected
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neutrino. As such, one cannot strictly enforce that the invariant mass of the µ+ νµ pair equals that of the W.
This has an unexpected consequence in the case of J/ψ+W since the rare 3-body decayW → J/ψ+µ+νµ
cannot be disentangled from genuine J/ψ + W → J/ψ + µ + νµ events. Let us note that a similar W decay
channel, W → Υ +µ+ νµ has previously been considered in [443]. Its contribution is actually not negligible
with the ATLAS cut (EmissT > 20 GeV, P
µ
T > 25 GeV, |ηµ| < 2.4, mWT =
√
2PµTE
miss
T [1 − cos(φµ − φν)] >
40 GeV). We have indeed found [357] that the process qq′ → W → J/ψ+ µ+ νµ contributes nearly equally
to that of qq′ → J/ψ + W → J/ψ + µ + νµ, where B(W → µ + νµ) ' 11%.
CEM as the SPS upper limit. The procedure to compute the J/ψ+W CEM cross section exactly follows
from the same lines as for J/ψ + W or J/ψ + a recoiling parton (see sections 3.3.1 and 2.4.2). The Born
hard-scattering is i j → cc + W where i, j stand for g, q or q (see Fig. 55). The procedure (invariant-
mass cut, CEM non-perturbative parameter, PDFs, scale variation, etc.) are identical with the central scale
µ0 = MW . The computation can be done with MadGraph5_aMC@NLO slightly tuned to account for the
CEM invariant-mass cut.
Q
Q
W
q
q¯′
(a)
Q
Q
W
(b)
Q
Q
W
(c)
Figure 55: Representative diagrams contributing to Q + W hadroproduction in the CEM at order α2sα (LO).
The NLO prompt cross section in the ATLAS inclusive acceptance [111] is 0.28 ± 0.07 pb [125]. This
is nearly twice our estimation of the corresponding CSM and COM cross sections. The K factor for the
hard part is 2.76 and the LO CEM yield (with PLO,promptJ/ψ ) is 1.77 times smaller than the NLO yield (with
PNLO,promptJ/ψ ). This value should be considered as an upper bound for the SPS cross section.
Comparison with the ATLAS measurement at 7 TeV. Just like for their J/ψ + Z study, ATLAS com-
pared [111] their data to the existing (SPS) predictions, assuming a DPS contributions compatible with their
W+ 2-jet analysis [403], thus computed with 15 ± 3(stat.)+5−3(sys.) mb. Their distribution of the events as
a function of the azimuthal angle between both detected particles, ∆φ, is also showing some events near 0
– the statistics is however limited. In addition the same distribution exhibits a peak at ∆φ ' pi typical of
SPS events from 2 → 2 (or even 2 → 3) topologies. Like for the J/ψ + Z analysis, the ATLAS acceptance
imposes a rather large PψT cut of 8.5 GeV, which makes unlikely that initial-state radiations smear this peak.
Their DPS evaluation is absolutely standard and exactly follows the same line as J/ψ + Z.
They could then quote a corresponding DPS-subtracted cross section to be compared to the SPS predic-
tions discussed above. In [111] and in some plots which will be shown later, the data-theory comparison
was done with a normalised cross section56,
dσ(pp→ W± + J/ψ)
dyJ/ψ
B(J/ψ→ µ+µ−)
σ(pp→ W±) , (56)
56 Note however that this one is differential in y.
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in order to cancel some of the experimental uncertainty related to the W observation. This requires one to
evaluate σ(W) under their kinematical conditions which is on the order of 5 nb.
However, like for J/ψ + Z, in order to make the discussion easier to follow, we have converted back all
the numbers into the simple σ(pp → W + J/ψ) cross section without any branching but in the ATLAS ac-
ceptance57. These are gathered in Tab. 12. In view of the above discussion of the computation uncertainties
(LO CO LDMEs, scale ambiguity, . . . ), we prefer to quote a range for the CS and COM yields. We also
make the same remark as for J/ψ+Z : quoting too precise values would not bring much to discussion given
the large polarisation-induced uncertainty affecting the ATLAS data; it is not quoted here.
ATLAS DPS (σeff = 15 mb) CSM COM CEM
4.5+1.9−1.5 pb 1.7 pb 0.11 ÷ 0.04 pb 0.16 ÷ 0.22 pb 0.28 ± 0.07 pb
Table 12: Comparison of the measured PT -integrated cross section of prompt J/ψ+W production at 7 TeV by ATLAS to the CSM,
COM and CEM evaluations discussed in the text. We have not assigned any uncertainty to the DPS yield which is commensurate
to that of the data and to that on σeff .
The numbers for the CSM and COM are extremely small compared to the ATLAS measurement even
when the expected DPS yield is subtracted. The CEM value [125] is compatible with the sum of the CSM
and COM cross section, i.e. more than one order of magnitude below the data. A smaller σeff , on the order
of 5 mb, with DPS cross section multiplied by 3, thus seems to be the only solution to the problem.
A similar observation can be made by looking at the distribution in PJ/ψT , shown in Fig. 56a with the
black (green) hatched histograms, resulting in a 3.1 standard-deviation discrepancy between the SPS theory
and the data. We can thus really claim for an evidence of the DPS yield in this process provided that a large
DPS cross section is supported by the analysis of the azimuthal dependences which we now discuss.
First, let us evaluate σeff and its uncertainty. The DPS contributions would now be the (inclusive) cross
section of ATLAS minus the SPS contributions. As such, the DPS uncertainty, as well as that of σeff ,
follows from the –statistical and systematical– uncertainties of the data [111] and from the range spanned
by the SPS evaluations. We consider the NLO CEM to be the upper limit and the direct LO CSM [357] to
be the lower one. Let us note that the NLO NRQCD evaluation [437] lies within this range. However, the
SPS values are anyway much smaller than the data, these theoretical uncertainties are in fact quasi irrelevant
in the determination of σeff . Our combined result for σeff is then
σeff = (6.1+3.3−1.9 exp
+0.1
−0.3theo)mb. (57)
which is consistent with our extraction from prompt J/ψ + Z production (see section 3.3.1).
Looking back at Fig. 56a, we see that a larger DPS yield perfectly fills the gap where needed without
creating any surplus at large PψT where the SPS was already close to the data. Similar to the J/ψ+Z case, the
low PψT yield is uniquely from DPS contributions (as is the total yield) and DPS and SPS contribute equally
at high PψT . One can thus anticipate the same effect as for J/ψ + Z on the azimuthal distribution which was
also generated by ATLAS without efficiency correction. Following the same procedure as for J/ψ + Z, we
obtain the resulting theoretical distribution shown on Fig. 56b which agrees within uncertainties with the
uncorrected ATLAS distribution. We further note that the number of expected SPS events is as low as 2± 1
to be compared to 29+8−7 events observed by ATLAS [111]. These 2 ± 1 SPS events are expected to lie at
57 For the W selection : PT (µ±) > 25 GeV, ET/ > 20 GeV, MWT > 40 GeV, |η(µ±)| < 2.4. For the J/ψ selection: 8.5 < PJ/ψT <
30 GeV and |yJ/ψ| < 2.1. MWT ≡ 2PT (µ±)ET/ (1 − cos(φµ − φνµ )) should not be confused with m2T = m2 + p2T .
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Figure 56: (a) dσ(pp→W
±+J/ψ)
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σ(pp→W±) as a function of P
ψ
T : comparison between the ATLAS, the SPS CEM yield and our fit DPS
yield (b) Comparison between the (uncorrected) ATLAS azimuthal event distribution and our NLO theoretical results for J/ψ + W
in the CEM (SPS + DPS) effectively folded with an assumed ATLAS acceptance. Taken from [125].
∆φWψ ∼ pi. An updated ATLAS ∆φWψ analysis in 2 PψT bins should show a flat behaviour in the lower PψT
bin and a slightly peaked one for the higher PψT bin.
In the ATLAS analysis, both J/ψ + W+ and J/ψ + W− yields were summed. A future analysis with
separate signals may be useful in the unlikely situation in which the observed excess over the computed
SPS cross section would not come from the DPS, but for a new resonance for instance.
3.3.3. Associated hadroproduction with a photon
Among the associated-production processes, the production with a photon is certainly that which has been
the object of the largest amount of theoretical studies [444, 445, 446, 447, 448, 449, 268, 450, 451, 452,
453, 427, 454, 260, 257, 455, 347]. The reason for this interest are multiple. However, it is clear that the
emission of a photon in a hard reaction where a quarkonium is produced alters the relative importance of
the different expected contributions.
In hadroproduction, the situation however remains complex and should carefully analysed along the
lines of the progress of our understanding of single Q production, in particular the impact of the QCD
corrections on both CS and CO contributions. We will review this in this section.
To date, no experimental analysis of photon-quarkonium production exist, apart from those from decays.
A well known example is the decay of χc and χb states into J/ψ and Υ states with a photon emission.
Another one is that of a H0 boson into J/ψ + γ and Υ + γ, whose measurement58 can give a novel access to
its coupling to the charm and beauty quarks [458, 18]. These happen via exclusive decays whose treatment
somewhat differs from the non-resonant process we are interested here where the invariant mass of the
quarkonium–photon system is not fixed.
58 ATLAS performed two searches one in 2015 [19] and another in 2018 [456] and CMS one in 2018 [457].
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Finally, let us note that for now there does not exist any –theoretical– studies of the impact of the DPS
on Q + γ.
Early motivations and computations. In 1991, Drees and Kim suggested [444] that J/ψ + γ hadropro-
duction –away from the χc-mass region– would be a good probe of the gluon content in the proton. In 1992,
Sridhar extended [446] this idea with a proposal to study doubly longitudinally polarised proton-proton col-
lisions as a novel means to measure the gluon helicity distribution ∆g in the proton. His study was driven
by the possibility of performing such studies with a polarised target with possible future polarised beams at
the Tevatron or HERA. In 1993, Doncheski and Kim extended [448] the scope of such ideas to the colliders
cases of RHIC and the SSC.
These studies were followed by several proposals [449, 268, 450] to study J/ψ + γ hadroproduction in
order to probe the production mechanisms in a new manner. Let us recall that at the time the first puzzling
Tevatron observations were appearing along with the advent of NRQCD and its COM.
The first study of the COM contributions to the associated J/ψ + γ hadroproduction was carried out
by Kim et al. [452] in 1996. They concluded that the COM contributions ought to be small and that the
process remained a clean probe of gluon content of the proton via the well normalised CS rates. In 1999,
Mathews et al. pushed [453] the studies to large PT with some considerations on possibly novel topologies
–mostly for the COM contributions though. We know now from the previous discussions that one should be
very cautious in this regime. In 2002, Kniehl et al. performed another LO study [427] of the PT -differential
cross section. Overall, the discussion of CO contributions is complex because of the interplay between the
suppression of (anti)quark PDFs w.r.t. to the gluons ones, of the scaling of the different LO – and NLO or
even NNLO– topologies and of the uncertain size of the LDMEs.
One thing nevertheless remains the object of a consensus: the CS contributions are dominant in the PT
region below 15 GeV where, in fact, first measurements are possible. Fig. 57 offers a realistic sketch of the
situation at LO.
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NLO CS computations In 2008, Li and Wang reported [260] on the first computations of the NLO
corrections of the hadroproduction of direct J/ψ + γ and Υ + γ. Like in the inclusive case, they found
out sizeable NLO corrections at large PT from the new topologies which appear with a P−6T scaling (see
Fig. 58c), in comparison to LO topologies Fig. 58a and other NLO topologies such as the loop corrections
Fig. 58b.
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Figure 58: Representative diagrams contributing to the hadroproduction of a J/ψ (or Υ) in association with a photon in the CSM
at orders α2sα (a), α
3
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2
sα (a,f,g), α
3
sα (b,c,h,i), . . .
This computation is very similar to that outlined for Q + Z in section 3.3.1. We will only mention here
the most relevant differences. First, unlike the Z, the emission of the photon can generate IR divergences.
To avoid them, one imposes specific cuts which anyway go along with the detectability of the photon which
we discuss later. At higher orders, this can generate some subtle issues. Second, the natural choice scale
for the current process is likely similar to that of single Q production, that is mT =
√
m2T + (P
Q
T )
2, unless
the cuts on the photon generate new significantly different momentum scales. Last, the resulting colour
structure is a little simpler because of the sole vector nature of the photon coupling. Their results are shown
on Fig. 59 (dashed line) for both J/ψ + γ and Υ + γ at the LHC for pγT > 1.5 GeV
59 At the leading order in
the heavy-quark velocity (v), the direct cross section for the ψ(2S ), Υ(2S ) and Υ(3S ) are readily obtained
by changing |RQ(0)|2 and the branching ratio into dileptons.
Along the same lines as the single 3S 1 production case, one also expects [257] to accurately reproduce
the cross section at NLO accuracy (α3Sα) by computing the yield from Q + γ plus one light parton with the
invariant-mass cut si j > smini j between any pairs of light partons, i.e. with a NLO
? computation.
Fig. 59 confirms these expectations with a very good agreement between the dashed line (full NLO) and
the NLO? (grey band) computed for different values of smini j . In addition, one notes that the sensitivity on
smini j is quasi irrelevant for the J/ψ case and quickly vanishing for increasing PT for the Υ.
This independently confirms –in addition to the aforementioned di-J/ψ and J/ψ + Z cases– the validity
of the arguments initially given in [60] according to which the NLO QCD corrections to quarkonium-
59 The corresponding theory parameters are : α = 1/137 with, for the J/ψ, mc = 1.5 GeV, |R(0)|2 = 0.810 GeV3, µR = µF =
µ0 = mT and with, for the Υ(1S ), mb = 4.75 GeV, |R(0)|2 = 6.48 GeV3, µR = µF = µ0 = mT . The PDF used was CTEQ6M [421].
The theoretical uncertainties from the mass and scale variations are not shown.
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(a) J/ψ + γ + X (b) Υ + γ + X
Figure 59: Full NLO computation of Q + γ + X (dashed line) [260] vs. Q + γ + 1 light parton [257] with a si j cut (grey band) at√
s = 14 TeV: (a) for J/ψ and (b) for Υ. Taken from [257].
production processes whose LO shows a non-leading PT behaviour can reliably be computed at mid and
large PT with the NLO? method. Considering only the real emission contributions accompanied with a
kinematical cut is sufficient. This thus gives us confidence that improved Monte Carlo simulations at mid
and large PT can be achieved likewise. This also lead us to evaluate the impact of NNLO contributions by
computing the NNLO? contributions, as we review next.
Like for the full NLO computation [260], the NLO? yield was found to be dominantly longitudinal, at
variance with the LO yield which is strongly transverse at nonzero PT . This is to be paralleled with the
inclusive case. It thus seems that the replacement of the photon by a gluon is indeed irrelevant as what
concerns the produced quarkonium polarisation.
Beyond NLO. Like for single ψ and Υ, new contributions appearing at α4Sα, like the topologies of Fig. 58d
(gluon fragmentation) and Fig. 58e (“high-energy enhanced” or double t-channel gluon exchange), benefit
from further kinematical enhancements. These in fact provide us with novel mechanisms to produce a high-
PT Q with a γ with a lower kinematical suppression, still via CS transitions. As such, they should dominate
the differential cross section at NNLO accuracy at large PQT . They can be computed via pp→ Q + γ + j j ( j
being any light parton) like in section 2.2.1.
The resulting differential cross-sections for J/ψ + γ and Υ(1S ) + γ are shown in Fig. 60. The grey
band (referred to as NLO?) corresponds to the sum of the LO and the real α3Sα contributions. The red
(or dark) band (referred to as NNLO?) corresponds to the sum of the LO, the real α3Sα and the real α
4
Sα
contributions. The α4Sα contributions in both cases dominate over the yield at large PT . The uncertainty
bands result from the combined variations 0.5µ0 ≤ µR,F ≤ 2µ0 with for the J/ψ, mc = 1.5 ± 0.1 GeV and
1 ≤ smini j /(1.5 GeV)2 ≤ 2 and, for the Υ(1S ), mb = 4.75 ± 0.25 GeV and 0.5 ≤ smini j /(4.5 GeV)2 ≤ 2.
Although the uncertainty associated with the choice of the cut smini j is larger than at NLO
?, it is remains
smaller than those attached to the mass, the renormalisation scale and the factorisation scale –the latter
being the smallest. A large dependence on µR is expected. First, the virtual contributions are missing at low
PT where they are sizeable and where they reduce the µR dependence. Second, the dominant contributions
at large PT are proportional to α4S .
We also found [257] that the sub-process gg → Q + γ + gg dominates, providing with more than two
thirds of the whole yield in the J/ψ case and that this fraction slightly increases with PT and only weakly
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(a) (b)
Figure 60: Comparison between the full NLO, the NLO? and the NNLO? contributions at
√
s = 14 TeV for PγT > 3 GeV: (a) for
J/ψ + γ and (b) Υ(1S ) + γ. A photon isolation cut (∆R > 0.1) was applied on the NLO? and NNLO? yields (see text). Taken
from [257].
depends on the value of the invariant mass cut-off of light partons smini j . This tends to indicate that the
IR divergences are not –after being cut– artificially responsible for a large part of the NNLO? yield. It is
also possible that the largest part of this contribution is not from gluon fragmentation topologies, but rather
from double t-channel gluon exchange ones, keeping in mind that such a decomposition in terms of the
corresponding Feynman graphs is not gauge invariant. A couple of indications support this viewpoint: (i)
the fragmentation contributions are more likely to provide transverse quarkonia, leaving aside corrections
from the off-shellness of the fragmenting gluons or possible spin-flip contributions from the radiated gluon.
(ii) processes such as qq′ → Q + γ + qq′, proceeding uniquely via double t-channel gluon exchange, have
the same PT dependence as the process gg→ Q+γ+gg and the difference in normalisation seems to follow
from the colour factors and the smaller quark PDFs at low x. Another similarity with gg → Q + γ + gg is
the strongly longitudinal polarisation of the yield from qq′ → Q + γ + qq′, for PT larger than 5 GeV, as
observed for the full NNLO? yield dominated by gg→ Q + γ + gg.
The previous discussion can in fact be extended to the inclusive case studied in [60] and discussed in
the section 2.2.1. Indeed, the results obtained at NNLO? for single Q production are significantly higher
than those using the fragmentation approximation –without QCD corrections, though. In addition, the
polarisation of the yield from gg → Q + ggg processes is also getting strongly longitudinal at large PT
seemingly contradicting the expectations for a fragmentation channel. For both processes Q + γ and Q + X
at NNLO?, the yield may partly come from double t-gluon channel exchanges appearing for the first time
at this order.
Whether or not this questions the validity of the NNLO? computation would only be answered by a
full NNLO computation or maybe by a careful kinematical analysis of the yield from gg → Q + γ + gg
or by performing a nnLO evaluation [74] of the Q + γ yield. Such a kinematical analysis would be highly
computer-time demanding, especially to obtain an invariant mass distribution of the quarkonia and its closest
gluon with a sufficient precision to unequivocally attribute the yield to one or the other topologies. Such a
detailed study is likely easier to carry for Q + γ than for single Q with a large number of graphs.
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Photon detectability. In order to detect the photon, one has to impose a PγT cut for it not to go in the beam
pipe and isolation criteria to avoid misidentifications from Bremsstrahlung radiations or hadron decays. In
other words, the photons considered here are what is called isolated or direct photons (se e.g. [459]). Yet,
such isolation criteria highly depend on the detector potentialities. The determination of optimum values
for PγT,min and for an isolation criterion for the γ improving the signal over background ratio is beyond the
scope of this discussion.
Yet, at LO, the PT requirement is trivially met for a Q with a finite PQT since PγT is balancing PQT . As
discussed by Li and Wang [260], this is not automatically the case at NLO and a minimum PγT cut has to be
applied. It was found that it affects the yield vs PQT up to roughly three times the cut value.
As for the isolation cut, configurations with partons (q,g) within a cone from the photon ∆R =√
∆η2 + ∆φ2 of a given size have to be excluded (∆R = 0.1 was used in [257]). Let us note here that
such a cut also avoids the QED singularities that may appear in qg → qgγQ for the γ emission by the ex-
ternal quark. Those are anyhow sub-dominant topologies of suppressed quark-gluon initiated contributions
and can safely be neglected. We will come back to this later with the CO computations, where they are not
necessarily sub-dominant.
The χQ feed-down should not be significant since it is suppressed by v2 and by the branching while
having the same αs suppression than for the J/ψ for similar topologies. As regards the feed-down of the
radially excited states 3S 1, they are readily accounted for by constant multiplicative factors to the cross
section of the state fed in : ∼ 1.4 for the ψ(2S ) into J/ψ, ∼ 1.1 for both the Υ(2S ) into Υ(1S ) and Υ(3S )
into Υ(2S ), provided that one neglects the mass difference in the decay kinematics.
The impact of the COM. As noted in [260], the NLO CS and the LO CO yields obtained in [427] are of
the same order at the LHC, with approximately the same PT dependence. Yet, contrary to what one could
expect [260] by analogy with the apparent limited impact of NLO corrections to CO channels in single Q
production, we anticipated [257] that NLO CO corrections may be important, bringing the NLO CO yields
above the NLO CS ones, yet below the NNLO? ones.
Indeed, for Q+γ production, the P−4T topologies (Fig. 58h) are not opened at LO, namely at αα2S , except
for qq→ γ+ 3S [8]1 (Fig. 58g). Compared to the J/ψ+W case where CO contributions were once thought to
be dominant, these CO are from gluon fusion and mediated by either 1S [8]0 or
3P[8]J C = +1 CO, but they have
to compete here with significant CS contributions from gluon fusion as well. However, irrespective of their
actual impact, the appearance of C = +1 CO transitions as the most important leading-PT CO topologies,
instead of the C = −1 3S [8]1 transition, is a unique feature of this process which has notable consequences
which we discuss now.
In 2014, still Li and Wang reported [347] on the first computation of the NLO corrections to the CO
contributions to the hadroproduction of direct J/ψ + γ and Υ + γ. Like the CS case, the computations
closely follows from the Q+Z case. In fact, it was also carried out thanks to the semi-automated framework
FDC [272]. We will thus only discuss some specificities before analysing their results.
As anticipated, collinear IR divergences due to the radiation of the photon by light quarks appear. They
thus imposed an isolation cut to the photon according to [459] and a minimum PγT cut. Care should also
be taken as what regards the cancellation of the (QCD) IR divergences associated to the fragmentation
topologies of 3P[8]J + γ + g (Fig. 58i) which is specific to the Q + γ case.
Since their computations considered the 3 leading CO transitions, namely 3S [8]1 ,
1S [8]0 ,
3P[8]J , and ap-
peared after the first complete NLO CO LDME fits [327, 102], they managed to perform a completely
coherent study, fully accounting for the experimental constraints set by the LHC data.
To be more precise, they employed the sets of NLO LDMEs from [311] (Hamburg fit), [101] (IHEP
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fit) and [327, 102] (PKU fit). The later provides a range of values from which they extracted two extreme
cases which are realistic. We nevertheless note that the additional constraint from ηc data (see section 2.3.5)
disfavours the case where 3P[8]J is zero and
1S [8]0 is the largest.
As what concerns their results, they first noted that the short-distance coefficient (SDC) for the 3P[8]J
transition is positive for any PJ/ψT . In the case of the single J/ψ case, the corresponding SDC is negative at
large PJ/ψT . This feature is fundamental as it allows potential J/ψ + γ data to break the degeneracy of the
data constraints on the linear combination of 1S [8]0 and
3P[8]J LDMEs. It is even more relevant than one could
think because possible LHC data would likely be taken in similar phase spaces than single J/ψ data, thus
with similar PDFs and where one could not argue that NRQCD is less applicable. In the absence of any
experimental data, this remains a wish, though.
Yet, their results are so striking that constraints even appear without real data ! Indeed, they found out
that the NLO LDME sets of the Hamburg and IHEP –i.e. theirs– groups result in negative PT -differential
J/ψ + γ cross sections for PJ/ψT > 13 GeV, which is of course not acceptable in a region where no solid
argument could be proposed to invalidate the applicability of NRQCD. These unphysical cross-section
predictions can in fact be traced back to the negative values of the 3P[8]J LDMEs obtained in these fits.
Whereas negative LDMEs are in general not forbidden, as they encapsulate the hadronisation process where
interferences can take place, it seems that they can yield to unphysical results for some specific observables,
such as J/ψ + γ.
In practice, this would also mean that both Hamburg and IHEP fits have to be disregarded. On the
way, let us also note that they cannot reproduce the J/ψ polarisation measurement at the LHC [460, 435,
461], whereas the Hamburg fit, which uses by far the largest data sample, is the only one which does not
completely disagree with the PT -integrated cross section (see section 2.3).
The only caveat which should be solved before drawing such a drastic conclusion is about the observed
sensitivity of the result on the photon PT cuts. Contrary to the J/ψ + γ CS case at NNLO where the IR
QED divergences only arise from sub-leading PT quark-induced reactions, they arise in the CO case from
leading-PT topologies. In particular, the sensitivity of the
3P[8]J and
1S [8]0 cross sections on P
γ
T remains large
even for configurations where PγT and P
J/ψ
T are very different. This may cast some doubts on the treatment
of these IR QED divergences and further investigations are probably needed.
However, it should be stressed that the sole consideration of the positivity of the cross section of this
quarkonium-associated process can in principle provide theoretical constraints –at a given order in αs– on
the CO LDMEs. In fact, it would be expedient to attempt to generalise the argument to other channels,
which may or may not be observed one day. In 2019, Li and Wang performed another NLO study [462]
of Υ + γ hadroproduction with similar conclusions regarding the negative character of the cross section at
large PT when 〈O(3P[8]J )〉 is negative.
3.4. Quarkonia and heavy quarks
In early 2000’s, another puzzle showed up in quarkonium production: the rates for inclusive and exclu-
sive J/ψ production in association with a cc quark pair in e+e− annihilation at B factories [93, 94] were
found to be much larger than the LO NRQCD theoretical expectations [463, 300, 299, 464, 465]. In this
case, contrary to the hadroproduction of a single J/ψ, the COM could not be invoked to bring theoretical
predictions in agreement with the experimental measurement [466]. However, the inclusion of α3s (NLO)
CS corrections were a few years later found to largely reduce the discrepancy between the theory and the
measurements [89, 90]. This triggered many other theoretical studies which we will address in this section.
In fact, the associated production of a J/ψ with charm had also already been discussed as early in the
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1980’s in e+e− annihilation [467], in photoproduction [276] and in hadroprodution [468]. However, as
opposed to Q + γ, the associated hadroproduction of quarkonium with another heavy quark has been the
object of a limited number of theoretical studies in spite of the variety of the possible measurable final states
at hadron colliders.
One could directly think of hadroproduction of J/ψ + c, Υ + b, J/ψ + b and Υ + c, for which anal-
ysed or on-tape LHC data do exist. It is probably due to (i) the complexity of tackling the production of
another (massive) strongly-interacting particle produced with the quarkonium, (ii) the additional complex-
ity involved in the production of a quarkonium along with a heavy quark of the same flavour and (iii) the
suppresion of the CS channels for the production of a quarkonium along with a heavy quark of a different
flavour. Nonetheless, as opposed to the production along with W or Z boson whose rates are admittedly
small, those of such channels should not be small. In addition, dedicated techniques to tag heavy-flavour
production are now routinely used with high efficiencies. As such, it is not surprising that LHCb pioneered
such studies with that of the final states sensitive to J/ψ+ c [118] and Υ + c [119]. In addition, D0 certainly
also observed Υ + b, like LHCb, CMS and ATLAS did for J/ψ + b, in reactions where the b decayed into
a non-prompt J/ψ, but so far they did not perform a dedicated analysis to extract the corresponding cross
sections.
The theory motivations to study these associated channels are however not of minor importance. Beside
the e+e− case, we showed [57] that J/ψ + cc hadroproduction is the dominant α4s CS channel for single
J/ψ production at large PψT . As such, it is worth specific attention. Second, the production of 3 heavy
quarks surrounding each other may result in an enhanced production rate of the quarkonium with a novel
phenomenon called Colour Transfer (CT) [469, 470]. Third, since for process like J/ψ + b and Υ + c
hadroproductio, the expected SPS contributions do not seem to be large, they may indeed be an ideal
playground to study DPS. Fourth, J/ψ + c, and maybe Υ + b hadroproduction and photoproduction, could
help to determine the momentum distribution of heavy quarks in the proton, including the possibility for the
non-perturbative contribution from intrinsic charm [63]. Fifth, in the latter channels, there is no reason for
the CO contributions to be enhanced and it could therefore be a possible channel to test the CSM on its own
in different production modes.
Yet, there does not exist any LO CS computation for J/ψ + b hadroproduction, nor any NLO computa-
tions for any of these channels –expect e+e− → J/ψ + cc. In the following, we will review the main points
of the existent computations and outline the conclusions of both LHCb analyses in this context.
3.4.1. Charmonium + charm
Hadroproduction. In view of the unexpectedly large measurements for the production of J/ψ associated
with a cc quark pair in e+e− annihilation, we found it natural [57] to see whether the corresponding pro-
duction pattern could also be relevant in hadroproduction. Beside offering a new interesting experimental
signature to be studied, this process is one of the α4s (NLO) corrections to the inclusive CS hadroproduction
of J/ψ. Historically, these higher-order contributions to the cross section at the Tevatron had been first con-
sidered in the fragmentation approximation as a first attempt to solve the so-called ψ′ anomaly [254, 255]
and, by Berezhnoy et al. [471], in the context of double-charm-baryon production where, on the way,
the relevance of such a fragmentation approximation was questioned at mid PT . Finally, one year before
our study [57], Q + QQ production had been considered by Baranov in the framework of kT factorisa-
tion [472, 473].
Like for open charm/bottom and quarkonium production, the current reaction is expected to be domi-
nated by gluon fusion. We indeed checked that the light-quark initiated process was suppressed by three
orders of magnitude, and thus this contribution was then neglected. The amplitude for gg→ Q(P) + QQ (Q
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Figure 61: Representative diagrams contributing at LO in αs to gg→ Q + QQ in CSM (Q standing for ψ).
standing for ψ) involves 42 Feynman diagrams (a representative selection is shown on Fig. 61) which we
computed with an early version of MadOnia60. The computation is quite standard and we will not repeat its
description here61.
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Figure 62: PT -differential cross section for pp → J/ψ + cc at (a) the Tevatron at √s = 1.96 TeV and (b) at the LHC at √s = 14
TeV. Adapted from [57].
Fig. 62 displays the PT -differential cross section at central rapidities at the Tevatron at
√
s = 1.96 TeV
60 Let us note that, as a side computation, we computed the cross section and the PT distribution for B∗c production at the
Tevatron and found it to agree with the results of Berezhnoy et al. [474].
61 We simply note that the default scale choice was taken to be µ0 =
√
(4mQ)2 + P2T and we used NLO PDF (CTEQ6M [421])
as this process was considered to be a NLO correction to the inclusive case. One could argue that using a LO PDF is also licit. As
for the other parameters, their choice is also standard: |RJ/ψ(0)|2 = 0.81 GeV3 and mc = 1.5 GeV.
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and the LHC at
√
s = 14 TeV. Considering the PT -integrated cross sections, we found that analyses at the
Tevatron (CDF and D0) were possible for the RUN2 at the Tevatron at
√
s = 1.96 TeV, with a significant
integrated cross-section (times the relevant branching) :
σ(J/ψ + cc) × B(`+`−) ' 0.5 ÷ 2 nb. (58)
At the LHC, at 14 TeV, it increases to reach (for |yQ| ≤ 0.5):
σ(J/ψ + cc) × B(`+`−) ' 5 ÷ 15 nb. (59)
To illustrate the potentialities at RHIC, we also computed [61] (see Fig. 63a) the differential cross section
for pp → J/ψ + cc computed in the STAR kinematics for √s = 200 GeV. In this case, the qq channel may
start to be relevant at large PT which would difficulty be accessible, though. First studies could for instance
be carried out by STAR with an integrated luminosities of around 50 pb−1 if dedicated triggers are available.
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Figure 63: (a) CS PT -differential cross section for pp → J/ψ + cc for the STAR kinematics (√s = 200 GeV, |y| ≤ 1.0); (b)
PT -differential cross section for pp→ J/ψ + cc at the Tevatron: comparison between the CS and 2 CO contributions (see text). In
both cases, no theoretical uncertainties are shown. Taken from (a) [61]and (b) [475].
We also compared these LO results with those calculated in the fragmentation approximation. The latter
were found to be less than half the full computation up to PJ/ψT = 20 GeV at the Tevatron. Only around
PJ/ψT = 80 GeV, both computations differ by a little less than 10%. For the Υ, we found that much larger
values of PT are required for the approximation to be get close to the full results. To sum up, pp→ J/ψ+cc,
which is an NLO subset of pp→ J/ψ+X, is not dominated by the fragmentation contributions for the PJ/ψT -
range accessible at the Tevatron and mostly accessed at the LHC.
A tentative explanation for such a failure of the fragmentation approximation is the large number of
Feynman diagrams among which only a few give rise to fragmentation topologies. A similar situation was
also found for γγ → J/ψcc [476] and and for the B∗c hadroproduction, where the fragmentation approxima-
tion is not accurate in the PT range explored at the Tevatron [477, 474].
We also analysed the polarisation of the J/ψ and Υ produced along with a heavy quark pair of the same
flavour and found that their azimuthal anisotropy in the helicity frame was null at any PQT . In other words,
they are unpolarised.
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The existence of a non-perturbative charm content of the proton [478], the so-called intrinsic charm
(IC), is object of continuous debates [479, 480, 481, 482, 483, 484] since the 1980’s. In 2009, we made a
first study [63] to quantity its possible impact via the charm gluon fusion in J/ψ + D production, namely
cg → J/ψ + c (see Fig. 64a),62 in the CSM in the RHIC kinematics towards large rapidities. In this region,
the parton momentum fraction may reach the valence region and this reaction may be used to test different
models of the charm quark PDF c(x).
Q
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Figure 64: Representative diagrams contributing to 3S 1 charmonium (denoted Q) hadroproduction in the CSM initiated by a charm
quark at orders α3S (a) and α
4
S (b). (c) Gluon fragmentation diagram involved in J/ψ + cc and χc + cc via a
3S [8]1 CO channel. (d)
One of the rare diagrams of χc + cc which is vanishing for J/ψ + cc, in both cases in the CSM. The quark and antiquark attached
to the ellipsis are taken as on-shell and their relative velocity v is set to zero.
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Figure 65: (a) Fraction of J/ψ produced in association with a single c-quark (via gc → J/ψc) relative to the expected direct
inclusive yield as a function of yψ in pp at
√
s = 200 GeV and for three models for c(x): DGLAP-like, without IC (No IC), sea-like
and BHPS (see details in [63]). (b) dσ/dPT /dy × Br from cg fusion in pp at √s = 200 GeV using a sealike charm distribution
at forward rapidites compared to the PHENIX [485] data. The theoretical-error bands come from combining the uncertainties
resulting from the choice of µF , µR, mc (see [70]). Taken from [70].
Since the PT -integrated NLO (and LO) CSM computations were in agreement with the PHENIX
data [485], we managed to evaluate the fraction of J/ψ produced in association with a single c-quark relative
to the expected direct yield as a function of yψ and for three models of c(x) as encoded in CTEQ6.5c [479]:
(i) without IC (c(x, µ0) = 0 at µ0 =1.2 GeV), (ii) with BHPS IC [478] (〈x〉c+c≡
∫ 1
0 x[c(x) + c(x)]dx =2%)
and (iii) with sea-like IC (〈x〉c+c = 2.4%).
62 In the presence of a genuine IC charm, that is not from gluon splitting, the consideration of such contributions, which
normally appear in the 4-flavour scheme –meant to be used in high scale processes– may be justified.
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Our computation clearly confirmed the impact of the cg contribution, from 10 % up to 45% of the direct
yield in the case of sea-like c(x). We also noted that at larger PT , a significant α4s contributions from cg
fusion could also be expected, along with fragmentation-like topology (Fig. 64b). Such contribution has
been studied by Qiao [486] in 2003 for the Tevatron kinematics using a DGLAP-like c-quark distribution.
For the BHPS IC distribution, the PT -differential cross section for single J/ψ distribution at large PT and
RHIC energy would be expected to show an analogous enhancement as seen at large rapidities in Fig. 65a.
However, as we showed in 2010 [70], this occurs at significantly higher PT (see Fig. 65b) than where the
cross section can be measured.
In order to experimentally assess the importance of such cg fusion, the measurement of J/ψ in associ-
ation with a D meson would be very interesting as noted above. At RHIC or the LHC, another accessible
observable would the azimuthal correlation of J/ψ + e in the central barrels of the ALICE, PHENIX and
STAR detectors and of J/ψ + µ in the forward region by the PHENIX and the ALICE muon arms. At low
PT , the key signature for such subprocesses would be the observation a lepton excess opposite in azimuthal
angle φ to the detected J/ψ.
In [475], Artoisenet made a brief first survey of the possible impact of the CO contributions to pp →
J/ψ + cc at the Tevatron at LO (α4s). At this order, one encounters the same graphs as those depicted on
Fig. 61 for the CSM. Those for which the quarkonium is produced by two heavy-quark lines contribute to
the 3 dominant CO transitions63, namely 3S [8]1 ,
1S [8]0 ,
3P[8]J . For those where the quarkonium is produced
by a single heavy-quark line, e.g. Fig. 61g, only 3S [8]1 contributes, but they are not leading PT . However,
new topologies appear for 3S [8]1 where 2 gluons fuse into 2 gluons and each fragment into a QQ pair (see
Fig. 64c) . They are particularly relevant since scaling as P−4T .
With 〈O(3S [8]1 )〉 = 1.06 × 10−2 GeV3 –which is admittedly large– and 〈O(1S [8]0 )〉 = 2 × 10−2 GeV3, he
found the PT -differential cross sections displayed on Fig. 63b. At low PT , the CS contribution is dominant.
As expected for a nearly pure P−4T channel, the
3S [8]1 contribution is the hardest and overshoots the CS
contributions at PJ/ψT ' 7 GeV. However, for 〈O(3S [8]1 )〉 on the order of 10−3 GeV3, the CS yield remains
dominant certainly until 20 GeV. On the contrary, the 1S [8]0 contribution always remains more than one order
of magnitude below the CS yield, with a similar PT scaling. A complete NLO NRQCD analysis is eagerly
awaited for.
Artoisenet also analysed the polarisation of the J/ψ, which he found –without any surprise– to be
transversely polarised as expected for a 3S [8]1 gluon fragmentation channel. He also analysed [475] in detail
the angular separation between the J/ψ and a charm quark. A simple picture clearly emerges at large PJ/ψT :
in the CSM, one charm is produced near the J/ψ, another recoils on the J/ψ + c system; in the COM, the
J/ψ recoils on the charm-quark pair.
As usual for the CS channels, the FD from radially excited states 3S 1 can be taken into account by
constant multiplicative factors : ∼ 1.4 for the ψ(2S ) into J/ψ, ∼ 1.1 for both the Υ(2S ) into Υ(1S ) and
Υ(3S ) into Υ(2S ), provided that one neglects the mass difference in the decay kinematics.
As for the P-wave FD, a dedicated LO study [487] of χc + cc was carried by Li, Ma and Chao in 2011,
taking into account both CS and CO contributions, for the Tevatron and LHC kinematics. One of their
motivations was to see whether χc + cc could be a significant source of inclusive χc and could alter the
relative production rate σχc2/σχc1 .
They showed that whereas the LO CS contributions indeed include the quark-fragmentation topology,
the approximated scaling of the CS yield is close to P−6T for P
χc
T . 20 GeV and only reaches the P−4T scaling
63 In [475], 〈O(3P[8]J )〉 was assumed to zero. For a LO computation, this does not induce any loss of generality.
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at significantly higher PχcT . This is not the case of the
3S [8]1 CO contribution –similar to that contribution
to J/ψ + cc– which scales like P−4T even at moderate P
χc
T . In other words, the CO contributions exhibit a
harder spectrum and are expected to dominate at high enough PχcT . In practice, it takes over the CS yield
at PχcT ' 7 GeV with 〈OχcJ (3P[8]J )〉 = (2J + 1) × 2.2 × 10−3 GeV3 and 〈OχcJ (3P[1]J )〉 = (2J+1)3NC2pi |R′P(0)|2 =
(2J+1)3NC
2pi × 0.075 GeV5. Finally, let us note that the PT spectrum of the J/ψ + cc and χc + cc yields is
essentially the same up to an overall factor. This is not surprising since the topologies are the same, except
for that depicted on Fig. 64d.
As what regards the FD fraction, with the same parameter values and assuming PχcT ' PJ/ψT ,
∑
J dσ(χcJ+
cc)/dPT × B(χcJ → J/ψγ) was found to be roughly equal to dσ(J/ψ + cc)/dPT for PJ/ψT & 10 GeV. We
note that this statement however heavily relies on the value of 〈OχcJ (3S [8]1 )〉.
In 2012, LHCb made the first observation [118] of prompt J/ψ produced in association with another
charm hadron (C : D0, D+, D+s and Λ
+) with 355 pb−1 of data taken at
√
s = 7 TeV. Their measurement
covered the range of PψT from 0 up to 12 GeV and for the charmed hadrons from 3 up to 12 GeV, both in the
rapidity range 2 < y < 4.
Using a Tevatron multi-jet event extraction of σeff of 14.5 mb and the pocket formula,
σDPS(J/ψ +C) =
σ(J/ψ)σ(C)
σeff
. (60)
they evaluated the expected DPS contribution. Since the different cases yield similar conclusions, we will
restrict the discussion to the most precise measurement, i.e. J/ψ+D0, for which their measured PT integrated
cross section (without branching) amounted to 161.0 ± 3.7 ± 12.2 nb with close to 5000 events.
As a comparison, the expected DPS cross section is 146 ± 39 nb and that from the SPS expectations
(LO CS from MadOnia [57] + Pythia or kT factorisation [472]) were found to be significantly smaller on
the order of 5 to 15 nb. Even though NLO corrections may be significant because of the presence of a PT
cut on the D and not on J/ψ, it seems clear that the DPS is dominant. In view of the previous discussions
(di-ψ, J/ψ + Υ, J/ψ + Z and J/ψ + W), it may seem normal. At the time, it was the first of the quarkonium
associated-production measurements and it was a surprise. Except for a visible difference between the PT
distribution of the J/ψwith a D0 and the inclusive ones, all the kinematical distributions seem in accordance
with a yield strongly dominated by DPS.
Production at B factories. Associated production of a J/ψ and charm has first been investigated by
Clavelli [467] in 1982. Such a channel was then recognised as the potential largest CSM contribution for
the CLEO kinematics [463, 300] before the advent of B factories.
The whole scene drastically changed when in 2002 Belle reported cross sections significantly larger than
these expectations. Once it was found [466] out that the COM could not fill the gap, an intense experimental
and theory activity started (see e.g. [464, 488, 476]). In 2009, thanks to a data sample 30 times larger than
in 2002, Belle confirmed its finding and reported [94] a prompt cross section of
σ exp.(J/ψ + cc) = 0.74 ± 0.08+0.09−0.08 pb. (61)
α3s (NLO) CS corrections were computed in 2006 by Zhang et al. [89] and their results were confirmed
by Gong & Wang in 2009 [90] with a fine analysis of the theoretical uncertainties. K factor on the order
of 1.4 ÷ 1.7 were found. Relativistic corrections [489] were computed as well as QED ISR effects [307],
but were found to be negligible as opposed to the J/ψ + Xnon cc case. Using a scale choice inspired by
the BLM procedure [490], a CS NLO cross section of 0.73 pb was reported by Gong & Wang [90] which
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is in perfect agreement with the Belle measurement. We note that this corresponds to a rather low scale
choice, µ∗ = 1.6 GeV, which may lead us to reconsider other scale choices in other quarkonium-production
channels. We also note that the momentum dependence of the NLO CSM agrees with that of the data.
As one can imagine the theory uncertainties remain large and it is not clear whether the observed agree-
ment rules out the relevance of the CTs suggested by Nayak et al. [469, 470]. Belle-II could certainly
contribute to a better understanding of this associated-production channel by looking at the ψ(2S ) and the
χc produced along with a charm pair. Finally, we note that the only existing CEM evaluation [383] points a
cross section as low as 0.05 pb thus 15 times smaller than the Belle value.
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Figure 66: P2T -differential cross section for γγ → J/ψ + cc production predicted by the CMS at LO and NLO at a future CEPC at√
s = 250 GeV (see [312] for the theory parameters and the kinematical cuts). Taken from [312].
Still in e+e− annihilation, associated production of J/ψ and charm has been studied in γγ fusion, even
up to NLO accuracy. In 2009, Li and Chao [310] performed a complete study of the possible contributions
from J/ψ + cc and found out that it could be the leading CS contribution of all the inclusive channels. As
such it gives hope that this channel could be studied on its own. In 2016, Chen et al. [312] advanced the
study of this channel with a NLO study and performed predictions for a future Circular Electron-Positron
Collider for which they found a K factor of 1.76 (see Fig. 66).
Photoproduction The photoproduction of a J/ψ associated with a charm was discussed as early as in
1982 by Berger and Jone [276]. At the time, they considered the partonic process γc → J/ψc which is
directly sensitive to the charm content of the proton. They found out that the scattering amplitudes squared
for γc→ J/ψc and γg→ J/ψg were similar. As such, it remains a very interesting observable to be studied
at an EIC where the c.m.s. energy will be lower than at HERA, thus at higher x.
Similar associated-production channels may also show up at large enough PT since they include frag-
mentation topologies with a hard P−4T spectrum. It was shown by Godbole et al. [277] in 1996 that the charm
fragmentation contribution was taking over the gluon fragmentation for PT > 10 GeV (see also [278]). It is
understood that charm fragmentation means that another charm pair is produced and such a signature can
thus be searched for. We note that, if relevant, CTs [469, 470] may enhance the signal for configurations
where the J/ψ is near another charm quark.
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3.4.2. Bottomonium + bottom
Unsurprisingly, the production of bottomonia in association with a b quark is even less studied. Experi-
mentally, it can only be accessed at hadron colliders with sufficient energies. Yet, along with our LO CS
study of J/ψ + cc [57], we also performed that of Υ + bb. Since the computations follows exactly the same
lines as above, we do not repeat its description here and directly quote our results, which still constitute the
state-of-the-art computation for this process, with the absence of NLO computations.
Using |RΥ(1S )(0)|2 = 6.48 GeV3 and mb = 4.75 GeV, we found that, at √s = 1.96 TeV and central
rapidities, the PT integrated cross-section (times the relevant branching) was on the order of a pb, namely
σ(Υ + bb) × B(Υ→ `+`−) ' 0.5 ÷ 1.5 pb (62)
and at the LHC, at 14 TeV, it was about 10 times larger (for |yQ| ≤ 0.5):
σ(Υ + bb) × B(Υ→ `+`−) ' 5 ÷ 10 pb (63)
As what concerns the PT -differential cross section, it is shown on Fig. 67. It is impact as an NLO
correction is expected to be minor.
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Figure 67: PT -differential cross section for pp → Υ + bb production (a) at the Tevatron at √s = 1.96 TeV and (b) at the LHC at√
s = 14 TeV. Adapted from [57].
The other study that we are aware of is that of Gang et al. [491] who studied the gb fusion (thus in a five
flavour scheme), both for the CS and the CO channels, into Υ+b and χb+b. In principle, taking a b quark as
an active parton in the proton is meant to account for the resummation of logarithms of m2b/µ
2
F through the
evolution of the PDFs at scales µF much larger than mb– except if one considers specific contributions with
intrinsic bottom [492, 493]. As such these results should mostly be relevant at large PT . However, at this
order, the CS contributions are probably not reliably accounted for since the gb → Υ + b + g contributions
were not considered.
It however seems that the computation confirmed the naive expectation, based on the extrapolation of
the ψ + c + c case, that the Υ + b + b yield should be dominated by CS channels. The case of χb + b also
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seems to follow that of χc + c + c. Given the less precise determination of the bottomonium LDMEs, their
more complex feed-down pattern and the aforementioned caveat regarding the flavour scheme used, we
considered that further studies, even at LO, are needed to draw stronger conclusions.
So far, Υ + bottom has not been the object of a published experimental analysis. However, in their
Υ + J/ψ analysis [120], D0 necessarily tackled Υ + non-prompt J/ψ events which a very reliable proxy to
this channel with an overall branching of 2%. Extracting out the corresponding cross section is nevertheless
admittedly a little more complex with a larger background since both muon pairs cannot be required to
emerge from the same vertex.
3.4.3. Bottomonium + charm
Unlike Υ + bottom associated production, experimental data have already released for Υ + charm by
LHCb [119] in 2015. They concluded that their yield was likely strongly dominated by DPS. This was
expected in the sole theoretical study [494], where it was estimated that the DPS yield was at least one order
of magnitude larger that the SPS yield.
Soon after the data were published, Likhoded et al. [495] carried out a more detailed study on the
possibility for a large feed-down of χb + c + c which is formally appearing at one order less in αs in the
CSM, which they assumed to be dominant in analogy the case of inclusive χb production. They however
noted that this channel could contribute at most 1 or 2 % of the observed cross section by LHCb.
Although there are few doubts that the dominance of the DPS on this channel could be questionned,
complete CS and CO computations –even at LO– would be welcome. Let us conclude by mentioning that,
under the hypothesis of this dominance, LHCb extracted the following value of σeff
σeff =19.4 ± 2.6(stat) ± 1.3(syst) mb, based on the Υ(1S ) + D0 sample,
σeff =15.2 ± 3.6(stat) ± 1.5(syst) mb, based on the Υ(1S ) + D+ sample,
(64)
in line with their J/ψ+ charm analysis discussed above. Such values are admittedly significant smaller than
those extracted from the di-J/ψ ATLAS and CMS samples and the J/ψ + Z & W ATLAS samples. It is
probably a little early to claim for an observation of a violation of σeff universality, but we note that, as
far as quarkonium measurements are concerned, those in the forward region hint at larger σeff values, thus
smaller DPS contributions, than those in the central rapidity region.
3.4.4. Charmonium + bottom
The case of charmonium + bottom associated production has also seldom been studied. In fact, we are only
aware of a single study, by Gang et al. [491] in 2012. Just like the production of a pair of Υ and J/ψ such
a channel is interesting as the CS contributions appear at higher orders in αs than the CO channels and via
topologies which are a priori not favoured. Strangely enough, it shares a number of similarities with the
inclusive J/ψ production case.
Still relying on the sole consideration of the gb fusion processes, they computed the production cross
section for J/ψ + b and χc + b. As just mentioned, the current process looks very similar to the single J/ψ
production case, for instance as far as the topologies of CO contributions are involved. Hence, it is not
surprising that they observed a similar pattern with the dominance of 3S [8]1 at LO. However, owing to the
impact of the NLO QCD corrections in the relative importance of the different CO contributions, it may be
risky to advance to further conclusions.
Let us nevertheless add a comment about the CS channels. We have indeed seen that, in the case of
J/ψ + W where CS channels are also suppressed, the QED contributions can become relevant. Since they
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are alike the 3S [8]1 fragmentation, they even compete with them. For J/ψ + b, the b-quark production does
not necessitate the presence of light quarks from which the photon can easily be emitted. As such, the
CS channels are probably suppressed for this reaction. It would however be expedient to perform a full
evaluation including channels such as gg→ J/ψg? → J/ψ + b + b.
On the experimental side, no data on J/ψ + b production have ever been published. However, we do
believe that they could be at reach with limited efforts. An easy way to access this process would indeed
be to look a di-J/ψ events where only one J/ψ is displaced, i.e. non-prompt. These have certainly already
been seen by D0, LHCb, CMS and ATLAS.
3.5. Associated production with hadrons
As it was clear from the initial discussions of the 3 mostly used production models, these mainly differ at
the level of the quantum numbers of the heavy-quark pair at short distances and on the likelihood for colour
flows or heavy-quark-spin flips to occur during the hadronisation. This naturally goes along with possible
–more or less soft– gluon radiations, which then go along with hadron production.
The CEM being mostly phenomenological, not much is known about the typical amount of energy
released when the pair hadronises. In the CSM, the situation is quasi crystal clear as any radiation should
be incorporated in the hard scattering and treated accordingly. In NRQCD, the IR cut-off µΛ above which
any radiation is also incorporated in the hard scattering should be the relevant scale used to elaborate a little
more on what the energy of these soft gluons which cannot flip the heavy-quark spin but can rotate its colour
is. It happens that µΛ is expected to be larger than ΛQCD which is the usual other scale used to tell whether a
process is hard, i.e. perturbative, or not. Most of the charmonium computations in literature are for instance
done using64 µΛ = mc.
Along these lines, the perspective of studying the hadronic activity around the quarkonium (see
e.g. [496]) has always been very appealing. Yet, the reader should not be confused. Whereas the COM
imposes the radiation of soft gluons in the vicinity of the quarkonium –at least one or two depending of
the CO transition at work–, we have seen in many cases that, in the CSM, a similar number of radiations
also occur, but in the hard scattering. The very simplistic view according to which the CO contributions go
along with a higher hadronic activity –in general and whatever the other constraints– as compared to the CS
contributions may be misleading.
Historically, UA1 compared their charged-track distributions with Monte Carlo simulations for J/ψ
from b-hadron decay and J/ψ from χc decay [497, 498]. At the time, the FD from χc was still expected
to be the major source of prompt J/ψ. Following either the idea of CO transitions or of CS transitions at
higher-orders, we however expect now more complex distributions even for the prompt yield. It is therefore
not clear if such methods are suitable to evaluate the b-FD fraction otherwise than with the measurements
of a displaced vertex typical of a b-hadron decay as performed by STAR at RHIC [220] by confronting
the distribution of events as a function of the azimuthal separation ∆φ between the quarkonium and any
other detected hadrons. For now, though, the results are compatible between both methods. Let us also
note that in 2013 ZEUS published [274] a first study of the momentum flow “along” (Palong) and “against”
(Pagainst) photoproduced J/ψ. The event fraction vs Palong and Pagainst was compared, at different J/ψ PT , to
HERWIG supposed to reproduce the physics of the CSM. A better agreement for the distribution in Palong
was found than in Pagainst. This could tentatively be explained by a better account of the activity related to
64 Such an indication is usually very quickly made, if not omitted sometimes, since at NLO it does not impact the phenomenol-
ogy and its interpretation, except for the P-Wave case where µΛ set the trade off between CS and CO contributions, provided that
this distinction make sense physics wise in this case.
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the hadronisation of the J/ψ than of the short distance scattering. No CEM or COM baselines are however
available for further comparisons.
For some of the observables which we discussed above, the CSM should create isolated quarkonia, in
the same way as the isolated photon are defined. There is however a lack of theoretical studies of the effect
of the isolation criteria. It is of course more true for the COM and CEM. In the latter, one could even wonder
if it is possible at all to offer a tractable procedure to state how an isolation cut could affect the yield.
On the experimental side, two additional sorts of experimental observables have recently been studied.
The first is the ALICE, CMS and STAR analyses of the J/ψ and Υ production rate as a function of the hadron
multiplicity, following the techniques used in proton-nucleus and nucleus-nucleus collisions to constrain
the geometry of the collisions. The second is the analysis by LHCb and CMS of the distribution of J/ψ
inside jets as a function of the fractional energy they carry. The latter followed NRQCD-based theoretical
proposal [499] to pin down the impact of the number of gluons involved in the quarkonium production
in a fragmentation-like topologies for the 4 most relevant contribution 3S [1]1 ,
3S [8]1 ,
1S [8]0 and
3P[8]J . In the
following, we briefly review both and add some words on the associated production of a quarkonium with
jets.
3.5.1. Production rate as a function of the hadron multiplicity
With the advent of the LHC, the study of the correlations of quarkonia with charged particles produced
in hadronic collisions has been proposed to provide new insights into the interplay between hard and soft
mechanisms in these reactions [500].
In proton-nucleus and nucleus-nucleus collisions, it is a well know fact that quarkonia can suffer from
final-state interactions and that their production rate can be affected accordingly. The comover interaction
model [501, 502, 503, 183, 504, 505, 506, 184, 186] is one of the models which specifically addresses this
possibility. The key ingredients of this approach is the multiplicity of the hadrons comoving with the pro-
duced quarkonium, namely the hadrons with the same rapidity. As such, it is perfectly legitimate to think
that such an effect could arise in very violent proton-proton collisions where the number of hadrons is par-
ticularly large. In general, it is in fact normal to extend the discussion to wonder whether the production rate
of a quarkonium only depends on its kinematics and that of the initial hadrons, or whether other parameters
could affect the production rate.
The obvious –but admittedly extreme– case is that of associated production where the quarkonium
process is so biased that one assumes that other partonic sub-processes are at work. However, as we have
seen, the production of a J/ψ can also occur quasi independently from that of a Υ when a DPS occur in
J/ψ + Υ production for instance. In such a case, it looks like the bias of requiring for a Υ in the event has
no effect. That would in fact be misleading to think so. Indeed, the production of the J/ψ a priori imposes
some specific conditions for it to happen, beyond the cost of producing Υ encoded in σΥ. The effective cross
section σeff encodes these conditions, i.e. that another scattering occurs in the hadron overlapping region.
One can extend the argument to any hadron and wonder whether the probability for this hadron pro-
duction is different in J/ψ or Υ production events and depends on whether the quarkonium PT is large or
not, . . . If this is the case, these particle-production cross sections should conversely depend on the multi-
plicity of hadrons. This is what is at stake in such studies, much more than to learn about the production
mechanisms.
At the LHC, ALICE measured in 2012 the relative J/ψ yield, (dNψ/dy)/〈dNψ/dy〉, as a function of
the relative charged-particle multiplicity, (dNch/dy)/〈dNch/dy〉, in pp collisions at √s = 7 TeV [507] via
the dimuon decay channel for 2.5 < y < 4 and in its dielectron decay channel for |y| < 0.9. They found
similar results in both ranges. The relative J/ψ yield linearly increases with the relative charged-particle
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multiplicity, except maybe for the last point for central rapidities. This increase was interpreted in terms of
the hadronic activity accompanying J/ψ production, as well as multiple parton-parton interactions, or in the
percolation scenario [508].
In 2013, CMS performed a similar study of the Υ yields in pp collisions at
√
s = 2.76 TeV [509]. The
self-normalised cross sections of Υ(1S )/〈Υ(1S )〉, Υ(2S )/〈Υ(2S )〉 and Υ(3S )/〈Υ(3S )〉 at mid-rapidity were
found to increase with the relative charged-particle multiplicity.
To study possible differences among the different Υ states, the ratio of the Υ(2S ) and Υ(3S ) yields over
that of Υ(1S ) was analysed as a function of the transverse energy (ET) measured in 4.0 < |η| < 5.2 and of
the number of charged tracks (Ntracks) measured in |η| < 2.4. These ratios seemed independent of the event
activity as a function of the forward-rapidity ET and of the mid-rapidity Ntracks, although a possible decrease
was observed in the latter case. Overall, CMS noted that Υ(1S ) are produced on average with two extra
charged tracks than excited states. Such an effect cannot be described by FD contributions only. Another
interpretation would be the presence of final-state effects, such as those included in the comover interaction
model.
Let us also note that the Υ polarisation was analysed by CMS as a function of the multiplicity [510].
Within the experimental uncertainties of 10 ÷ 20 %, no effect was observed. Finally, in 2018, STAR per-
formed a first study of J/ψ vs multiplicity at RHIC [511] at
√
s = 200 GeV and reported results qualitatively
similar to those of ALICE, although restricted to smaller absolute multiplicities.
3.5.2. J/ψ in a jet
In 2017, LHCb reported [512] on the first analysis of J/ψ inside jets. In 2014, Baumgart et al. [499] had
indeed suggested that the probability for a jet to contain a J/ψ with a fixed fraction z of its energy Ejet
was decreasing with Ejet for the CO
1S [8]0 transition and for
3S [1]1 , but not for the
3S [8]1 transition. As such,
this observable could provide new means to disentangle between the different CO possibly at work in J/ψ
hadroproduction.
LHCb did not exactly carry out this measurement as they only analysed the relative-energy spectrum, z,
of the J/ψ in the jets of any Ejet and claimed that their resulting distribution for the J/ψ was in contradiction
with NRQCD + PYTHIA, whereas the non-prompt result agreed with PYTHIA.
However, Bain et al. [513] later showed that the LHCb results could in fact be accommodated by
NRQCD –in fact nearly irrespectively of the considered set of channels. The discrepancy found out by
LHCb is in fact rather due to the limitation of the possible reactions accounted for by the LO NRQCD
implementation in PYTHIA. This also unfortunately means that the distribution studied by LHCb, contrary
to the proposed study of the Ejet dependence at fixed z is not a very discriminant observable.
We should also note that LHCb released a z distribution without normalisation. This is problematic
as many of the quarkonium puzzles bore on normalisation issues. In particular, a sub-leading contribution
which would show a distribution like that seen by LHCb could mistakenly be considered as acceptable. It
also does not allow to fully appreciate the observation [514] that c → ψ + c fragmentation generates a z
distribution in good agreement with the LHCb data. This observation is indeed intriguing given that such a
fragmentation yields to quasi unpolarised65 J/ψ [70] and could be enhanced by CTs [469, 470]. In 2018,
the CMS collaboration released preliminary data [517] which confirmed the trend –inability of PYTHIA
to account for the data– observed by LHCb. Like for the LHCb analysis, the preliminary spectra are also
unfortunately self-normalised and the DPS yield was not estimated. We are hopeful that the final analysis
will improve on this.
65 Let us also mention recent theory studies of the polarisation of J/ψ inside a jet [515, 516].
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The lack of a normalisation also does not facilitate to assess the relevance of the DPS contributions. In
the LHCb analysis [512], the DPS was probably underestimated as it was evaluated with PYTHIA which
would correspond to σeff ∼ 30 mb for the production of a J/ψ simultaneously with a di-jet events, of which
one would be the jet within which the J/ψ is found. In view of the previous discussions, a value of 15 mb,
if not below, is more indicated for hard scatterings in particular those involving quarkonia. In such a case,
the low z region (up to 0.5) may be dominated by DPS events [514].
Finally, we would like to underline that some of the different features highlighted between the different
CO and CS transitions is related to the behaviour of the corresponding fragmentation functions (FFs), which
is considered to be different between the 3S [1]1 ,
3S [8]1 ,
1S [8]0 and
3P[8]J states [518, 519, 520, 521]. These
expectations are however based on LO computations. Only the FFs of 2 channels are known at NLO,
3S [8]1 [522, 523, 524, 525] and
1S [1]0 [526, 524, 525, 527]. Very different behaviours of these FF have been
observed at LO and NLO. Hence, one cannot exclude that some of the differences expected for the J/ψ in
jets for the different transitions may be washed out when using NLO FFs. Recent theory advances in FF
computations with semi-analytical NLO [525] and analytical LO [528] results may be very useful for future
studies.
Overall, LHCb pioneered a new class of interesting studies but many caveats remain to be addressed
without forgetting that many “golden-plated" quarkonium observables have been proposed in the past and
were found to be much more complex –not to say more– to interpret when NLO computations became
available, even in the cases where expectations for these NLO effect had previously been devised.
On a more positive side, it is important to understand that, at z → 1, the J/ψ identifies with the jet in
the LHCb analysis. On the way, this illustrates how much the notion of the “fraction of J/ψ in jets” can be
analysis dependent: an isolated J/ψ with high enough PT is a jet and thus in a jet whereas the same isolated
J/ψ with a PT lower that the minimum value used to define a jet in a given experiment is de facto not in
a jet. That being stated, the yield at z → 1 may thus be a proxy for a measurement of the isolated J/ψ,
provided that it can properly be converted in a cross section. We do think that it should one of the priority
analysis for the close future, especially if it allows one to isolate the CS contribution. On the one hand, this
would be a test of our understanding of quarkonium production –which would however require a vigorous
and simultaneous theory effort to understand the isolation impact– and, on the other hand, it would help to
extend the use of quarkonia as tools for TMD extraction in hadroproduction.
Finally, let us add that the study of a quarkonium in a charm- and beauty-tagged jet would be another
way to access the reactions discussed in section 3.4 in some specific configurations where 3 heavy quarks
are near each other. If they are of the same flavour, the yield could be enhanced due to CTs and is in any
case the largest NLO CS contributions at large PT . Such studies should be attempted especially if they
allow one to extend the PT range of the existing measurements for which the heavy-quarks are tagged by
the presence of b and c hadrons and via nonprompt charmonia.
3.5.3. Associated production of a quarkonium with a jet or with jets
One of the reason of the complexity of quarkonium production at finite PT is the large impact of QCD
corrections associated to the emission of additional hard partons which recoil on the quarkonium. We have
seen in section 2 how relevant such QCD radiations are for CS transitions but also for some CO transitions
at increasing PT . On the contrary, it does not seem to be the case if the hadronisation occurs like the CEM.
Naturally, the occurrence of these additional emissions should be visible in the jet multiplicity associated
with high-PT quarkonium production. In this context, it is particularly surprising that there is only a single
theory study bearing on the associated production of a quarkonium with a jet and no experimental study
at all. In fact, this theoretical study [529] takes its inspiration in the study of Mueller-Navelet jets in order
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to probe the BFKL dynamics, not to probe the quarkonium mechanism. In this context, we find it useful
to make some –qualitative– statements about the motivations and the feasibility to study the associated
production of a quarkonium with a jet or with jets.
First, at sufficiently high PT , most of the quarkonia should be produced along with a recoiling jet. As
such, the rate for such associated channels should be significant and certainly high enough for a number
of dedicated measurements with already recorded data. Their precision should likely be better than most
of the associated-production studies covered in this section. There should also not be any specific trigger
issues for ATLAS and CMS in the presence of rather high PT dimuons.
Let us outline a couple of possible observables, but there are certainly other ones. First, selecting
events with a quarkonium back to back with a jet should enrich the sample in CO vs. CS transitions in
particular if it is possible to constrain, in addition, the jet multiplicity to be minimal66. The idea would
be to look at configurations where the pair has a large invariant masses, MQ−jet. Indeed, the production
via 3S [8]1 will simply occur from topologies like that of Fig. 22c from gg → g?g and will certainly be
favoured compared to the possible CS channels. It may also be enhanced with respect to 1S [8]0 transitions.
Clearly, these statements are generic and, given the many golden-plated observables proposed in the history
of quarkonium production, some dedicated theoretical evaluations are needed to confirm such expectations
and to quantify the achievable sensitivity and the possible improved determination of specific LDMEs for
instance.
Second, one could conversely look at the jet multiplicity associated with quarkonium production. A
priori, since the leading-PT contributions to direct J/ψ and Υ production in the CSM are associated with the
emission of 3 hard partons, the jet multiplicity should be larger for the contributions from 3S [1]1 than from
3S [8]1 .
1S [8]0 contributions should be in between. Measurement at different PT to see whether the multiplicity
changes and how would be instructive.
Third, if the yields are large enough, and since such measurements are likely carried out at large PT
where P waves can more easily be detected, one could compare the jet multiplicity for J/ψ and Υ produc-
tion to that for χc and χb production. Once again, one would need dedicated theoretical studies to assess
how much they would differ and whether experimental measurements would be sensitive enough to see
such differences. Yet, observing a similar or a different jet multiplicity distribution would provide new
information of the hard scattering connected to the production of these particles.
There are probably other observables related to jet studies which can be proposed, based on angular
correlations, PT imbalances or rapidity separations for instance. One should however bear in mind the
possible DPS contributions. Just like for other associated-production channels, their dedicated study can
however provide additional information on σeff.. In any case, independently of the above suggestions, any
experimental attempt towards quarkonium+jet studies is more than welcome and will certainly be closely
followed by an increase of theoretical activity on the topic. Such studies are definitely possible with the 4
LHC detectors.
66 Let us highlight an additional motivation for such observables but rather at mid PT if rather “low-PT ” jets can be measured.
If, in addition to selecting such quarkonium + one jet events, it is possible to isolate the quarkonium at mid PT such as to have
instead a dominant CS yield, which may be done for Υ production with PT ' MΥ, this would provide an additional observable to
study gluon TMDs along the lines of [530]. Simply selecting events with a quarkonium back to back with a jet of, say, 50 GeV, as
we proposed above, is admittedly very different.
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4. Conclusions and outlook
As we have seen all along this review, the physical mechanisms underlying quarkonium production in
inclusive reactions are not clearly identified yet – more than forty years after the discovery of the first
quarkonium. Despite the inflow of high precision data from the LHC with an unprecedented kinematical
coverage, the progress were not as steady expected.
We have indeed shown in section 2 that the sole measurements of J/ψ or Υ production yields are
not sufficient to validate or falsify the predictions of the competing theoretical approaches describing the
hadronisation of the quarkonia. Let us mention in particular the predictions of NRQCD which rely on
several non-perturbative parameters which cannot be computed from first principles. In the recent NRQCD
analyses, the cross section for the direct yields typically depends on 3 of them which appear in specific
linear combinations –leaving aside FDs for the moment. If one sticks to data at rather large PT , which thus
excludes most of the other data than hadroproduction, this precludes their separate determination. This on
the way highlights the importance of the data selection.
Until recently, polarisation measurements for the production of the vector quarkonia (J/ψ and Υ) were
considered to be the ideal means to lift the degeneracy between the experimental constraints. In particu-
lar, a well-known NRQCD predictions was that, at large PT , both the J/ψ and Υ yields should be trans-
versely polarised (in the helicity frame). Not only, this observation –although highlighted at many instances
as a smoking gun for the CO mechanism inherited from NRQCD– was never made with observed polar
anisotropies systematically close to zero, but the advent of NLO computations in αS uncovered a far more
complex situation where polarisation suddenly becomes very subtle to predict.
Since 2009, several groups of physicists have carried out NLO NRQCD studies. As we reviewed it,
their conclusions differ both quantitatively and qualitatively. These diverse interpretations of the existing
data can be traced back to variable data selections motivated by sometimes contradictory interpretations of
the applicability of NRQCD in some given kinematical ranges. This critically complicates any scientific
procedure aiming at proving or falsifying the relevance of specific phenomena encapsulated in NRQCD, in
particular the importance of the CO transitions whereby a heavy-quark pair is produced at short distance in
a colourful state and yet hadronises into a colourless meson after non-pertubative gluon radiations.
Whereas NRQCD clearly allows for a better account of some measurements, in particular at large PT , it
conflicts in an obvious way with a certain number of other observables. Let us cite the PT -integrated cross
sections –or to phrase it differently the total number of produced quarkonia in a given colliding system,
or the production cross section in e+e− and ep collisions. Conversely, the CSM –or equally NRQCD with
a limited impact of the CO transitions– accounts reasonably well, without any tuned parameter, for these
observables. It however seems to still face clear difficulties to account for the yield at large PT in spite
of the considerable size of the αS corrections. The third approach, the CEM, also seems unable to catch
the subtlety of quarkonium production at high PT as well as production in e+e− collisions. It nevertheless
explains without difficulty e.g. the energy dependence of the PT cross sections. In short, the current situation
does not allow one to call in favour of a specific hadronisation model.
To be exhaustive, we find it important to underline that the present discussion, like that of section 2, bore
on studies based on collinear factorisation. It is however likely that some of the above conclusions could
be quantitatively, and perhaps qualitatively, altered if one rather used the kT factorisation which takes into
account the growing off-shellness of the initial gluons when
√
s increases. As large as these effect may be,
we however regret that none of such quarkonium studies could so far be carried out beyond the tree level.
This de facto limits the scope of conclusions which we could drawn regarding the success or the failure of
specific quarkonium hadronisation models used with the kT factorisation.
In this context, we are convinced that the introduction of new observables is absolutely essential. On
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the one hand, these can help better constrain the non-perturbative parameters of the aforementioned the-
oretical approaches, in particular in providing novel constraints in regions where there is a consensus on
the applicability of a given model. A first practical example is that of ηc production. The LHCb measure-
ment with barely 7 points with limited precision drastically –and unexpectedly– tightened the constraints
on some NRQCD-based studies, such that some are now quasi excluded. Other examples are expected in
associated-production channels, for some of which predictions are however still carried out at tree level. On
the other hand, even without dedicated experimental measurements, some theoretical case studies clearly
helped better understand the structure of the radiative corrections in αS to single quarkonium production
which is far more complex than some associated-production channels. Another example is that of the as-
sociated production of quarkonium along with a photon whose theory studies taught us that in practice the
NRQCD non-perturbative parameters should be positive. Indeed, its cross section happens to be negative
–thus unphysical– at large PT when one of these (〈O(3P[8]0 )〉) is negative. Section 3 was entirely devoted to
the latter class of observables.
Beside enlarging the spectrum of available observables, it is also necessary that one improve both the
accuracy and the precision of the evaluation of the perturbative parts of the cross sections. As such, it would
be inadequate to overlook the discussion of the importance of NNLO radiative corrections. In particular,
one must complete the partial NNLO evaluations which we discussed in some details. This is of relevance
both at large PT –where two partial analyses lead to different interpretations– and to lower PT to test the
convergence of the perturbative series as well as to use quarkonia as tools to learn about (nuclear) PDFs,
TMDs as well as the QGP.
Yet, such partial studies, where the largest contributions to the NNLO yield at large PT are believed to
be evaluated through the production of a quarkonium with 2 or 3 partons or jets, should not be overlooked
once a full NNLO computation is available. Indeed, these highlight the relevance of studying the jet multi-
plicity associated with each quarkonium states (pseudo-scalar, vector, tensor, ...) as well as the kinematical
distribution of these jets. One should also reach a continuum of understanding between such observables
and the associated production with light hadrons, which thus extends to the study of the hadronic activity
near the quarkonium. Obviously, different hadronisation mechanisms may lead to a different hadronic ac-
tivity near the quarkonium. Yet, the effect of harder radiations from the short-distance scattering should not
be ignored in such considerations. Recently, the study of quarkonia in jets has taken over. However, we
warn that these are mostly based on expectations using fragmentation functions at LO whose kinematical
behaviour is rather extreme. It is essential to advance them to NLO. It is also essential to invest a similar
amount of experimental and theoretical efforts in the study of quarkonia outside jets –thus associated with
jets. We regret that not a single theory study exists. In addition, isolated-quarkonium production cross
sections should be measured and predicted in the 3 hadronisation approaches. LHCb and CMS are very
close to such a measurement as we discussed. Going further, one could connect these considerations to the
correlations between the production yield and the hadron multiplicity in the event, although such studies
would probably tell us more on the initial stages of the collisions (see also the discussion on the DPS below)
than on the hadronisation.
Along the same lines, it is absolutely essential that all the associated-production channels be computed
at NLO and accounting for both the CS and CO contributions. To do so, it would be expedient to extend
to quarkonium production a tool like MadGraph5_aMC@NLO which automates the computation of virtually
any reactions involving Standard Model particles at NLO. This would open the path for a truly global
analysis of all the constraints from these new observables. These should thus precisely constrain the non-
perturbative physics involved in quarkonium production to such a level of precision that one could validate
or falsify the 3 most used aforementioned models of quarkonium hadronisation.
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Observables Experiments CSM CEM NRQCD Interest
J/ψ + J/ψ LHCb, CMS, AT-
LAS, D0, NA3
NLO,
NNLO?
LO LO Test of the CSM;
DPS;
Gluon TMDs;
J/ψ + ψ(2S ) or J/ψ + χc – LO LO LO DPS vs SPS;
J/ψ + Υ D0 LO LO LO Test of the CSM;
DPS;
Υ + Υ CMS NLO (?) LO LO Test of the CSM;
DPS;
Gluon TMDs;
J/ψ+charm LHCb LO – LO c→ J/ψ fragmentation & CTs;
DPS.
J/ψ+bottom or
J/ψ+nonprompt J/ψ
– – – LO Test of the COM;
DPS;
Υ+bottom or
Υ+nonprompt J/ψ
– LO – LO Test of the CSM/COM;
DPS;
Υ+charm LHCb LO – LO DPS;
J/ψ + Z ATLAS NLO NLO Partial
NLO
Test of the CSM/COM;
DPS;
J/ψ + W ATLAS LO NLO NLO (?) Test of the COM;
DPS;
Υ + Z – NLO – Test of the CSM/COM;
DPS;
Υ + W – LO – Test of the COM;
DPS;
J/ψ in jets LHC, CMS LO – LO Test of the CSM/COM;
DPS;
Υ in jets – LO – LO Test of the CSM/COM;
DPS;
Isolated J/ψ LHC, CMS (?) LO (?) – – Test of the CSM/COM;
Isolated Υ – LO (?) – – Test of the CSM/COM;
J/ψ+ jets – – – – Test of the CSM/COM;
Υ+ jets – – – – Test of the CSM/COM;
J/ψ+ hadron activity UA1, STAR LO (?) – – Test of the CSM/COM;
b-hadron FD;
Υ+ hadron activity STAR (Prelim.) LO (?) – – Test of the CSM/COM;
J/ψ vs multiplicity ALICE, CMS,
STAR
– – – Initial stages;
final state interactions (?);
Υ vs multiplicity CMS – – – Initial stages;
final state interactions (?);
Table 13: List of “new” observables in quarkonium production with the experimental and theoretical status of their studies along
with the main motivations to consider them.
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Yet, as we have seen in section 3, the interpretation of the experimental data of associated production
can, in some cases, be blurred by the possible contribution of DPSs. This imposes a systematic experimental
effort to take them into account in a data driven way by assuming their independence in a similar way as
some combinatorial backgrounds can be dealt with mixed-event techniques. If the independence of both
scatterings within a DPS was to become debatable also at LHC energies following some future observation,
it would then be necessary to restrict the study of associated production to kinematical domains where the
DPS contributions can safely be neglected. Such complications inherent to the DPS in associated production
could however be turned to our advantage as quarkonia then become probes of the multi-gluon dynamics
inside the proton by analysing reactions in kinematical regions for which the DPS contributions are believed
to be dominant. Already now, the associated production of quarkonia seems to hint at different parton
correlations than those measured with jets and W/Z data.
A third important aspect of the associated production of quarkonia regards its possible usage to probe
the transverse dynamics of gluons inside nucleons. This applies to specific cases where (i) the colour flow in
the final state is restricted, (ii) the DPS contributions are negligible and (iii) the PT of the particle associated
with the quarkonium approximately balances that of the quarkonium. To date, the most promising case is
that of a pair of J/ψ at small rapidity differences at the LHC. In this case, the CSM contribution is clearly
dominant and the DPS contribution becomes small for increasing individual PT . Dedicated experimental
studies are expected soon.
As what concerns the prospects regards topics which could not be treated in this review, we feel obliged
to mention the production of quarkonia in the decay of other particles. Let us cite the production of charmo-
nia in b hadron or Υ decays, but also more generally the production of quarkonia in decays of Z0, W± ou H0.
Indeed, a global understanding of quarkonium production would only be achieved if it is really inclusive
in avoiding to segment, sometimes arbitrarily and –worse– opportunely, the observables in different classes
of variable relevance. Along these lines, it is therefore very important to also draw our attention to the
observables beyond those of the collider LHC, e.g. from Belle-II, COMPASS, the LHC in the fixed-target
mode and, in the longer term future, from the US EIC, the FCC or the CEPC-SppC for which very scarce
prospects exist in the literature as what regards the inclusive production case.
Tab. 13 summarises these conclusions by listing different possible new observables in hadroproduction
along with the status of their theoretical and experimental studies and what they are expected to tell us.
A similar list can also be made for the ηQ and χQ. In such a case, none are measured and it should be
stressed that some motivations based on the expected dominance of one or another mechanism may not be
the same. The motivations regarding the test of some mechanism or DPS studies may change depending on
what future measurements would reveal. The same applies for TMD studies which require a good control
of the DPS and, in most cases, the dominance of the CSM. In presence of a question mark, we invite the
reader to refer to the corresponding section in the review for a discussion of possible caveats.
In the other production modes, a measurement of ψ(2S ) + Xnon cc by Belle-II is absolutely crucial as
well as photoproduction studies at large PT at the US EIC67, in particular the measurement of the J/ψ and
ψ(2S ) cross sections with the subtraction of b hadron FD.
67 We note that J/ψ photoproduction at e.g. an EIC have recently been investigated in several works [149, 215, 217, 216] in
order to probe gluon TMDs.
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